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. PREFACE 

The series Soviet Studies in the Psycholop^y^ of Learning^ and TeacKl n q 
Mathematics is a collection of translations from the extensive Soviet 
literature of the past twenty-five years op, research in the psychology 
of mathematical instruction. It also includes works on methods of 
teaching mathematics directly influenced by the psychological resd;arch. 
The ^series is the result of a joi^it effort by the School Mathematiits 
Study Group at Stanford University, the Department of Mathematics 
Educaition at the University of Georgia, and the Survey of Recent East' 
European Mathematical Literature at the University of Chicago, Selected 
papers and books considered to be of value « to the American mathematics 
educator haEVe Jjaen translated from the Russian and appear in this 
series for the first tin^e in English. 

Research achievements in psychology *in the United States are 

outstanding indeed. Educational psych6lQgy, however, occupies only a 

sm^ll fraction of the field,' and until recently .little atterStlon has ^ 

been given to research in the psychology of learning and teaching 

p/rticular school subjects. 

The situation has beea quite different in thefSoviet Union* In 
^^^^ ^ . • 

view of the reigning sociaj^nd political doctrines, several branches 

of psychology that are highly developed in the U,S* have scarcely been 

investigated in the Soviet Union. , On the other hand, because of the 

Soviet emphasis on educatlcxn and its function in the state, research in 

educational, psychology has been given considerable moral and financial 

t 

support. Consequently, it has attracted many creative and talented 
scholars whose contributions have been remarkable. ^ . * 

Eyen prior to World War II, the Russians haS tnade^ great strides in 
educational psychoTogy. The creation in 1943 of the Academy of Peda- 
gogical Sciences helpecl to intensify the research efforts and* programs 

n this field • Since then the Academy has become the chief educational 
research and deve ment center' for Soviet Union. One of the main 

aims of 4,he Academy is to conduct research and to train research scholars 



A study indicates that 37.5% of all materials in Soviets psychology 
publi'shed in one year was devoted to education and ch^ld psychology. See 
Contempora ry Soviet Psycholopy by Josof Brozok (Chapter 7 of Present-Day 

Russian Ps ychology , Pergamon Press, 1966 ). , , 
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in *gen^ral and specialized education, in educational psychology, and 
in methods of teaching various school subjects.* ^ 

The Academy of* Pedagogical Sciences of the USSR comprises ten 
research institutes in Moscow and Leningrad, Many of the stud^ies 
reported in this series were conducted '^t the Academjjls Institute o^f 
General and Poly technical Education, Institute of Psychology, and 
institute of Defectology, the last of which is concerned w-^th the ^ . 
special psychology and educatioxi^ techniques for handicapped children. 

The Academy of Pedagogical Sciences has 31 members^ and 64 
associate members, chosen from among distinguished Soviet scholars-, 
scientists, and educators. Its permanent staff includes more than ^ 
650 research ^associates, who receive advice a^d cooperation from an 
additional 1,000 scholars and teachers. TiS;ie research institutes of 
the Academy have available 100 ''base** or laboratory schools and many 
other schools in which experiments are Conducted. Developments in \ 
foreign countries are closely followed by the Bureau f or .^e Study^ of 
Foreign Educational Experience and Information^ " . 

The Academy has its own publishing house, which issues hundreds of 
books each year and publishes the collections Izvestiya Akademil > 
PedaRORicheskikh Nauk RSFSR [^Proceedings of the Academy' of Pedagogical 
Sciences of the RSFSR], the monthly .Sovetskaya Pedagojgika [Soviet 
Pedagogy], and the .bimonthly Vbprosy P&l^hologii [Questions o^ Psychology] 
Since 1963, the Academy has been issuing collection entitled Novye ^ 
Issledovaiyiya v Pedagop^.ichesklkh Naukakh [New Research in the Pedagogical 
Sciences] in order to disseminate information on current research. 

A major difference betjs^een the Soviet and American conception of 
educational research is 'that Russian psychologists often use qualitative 
rather than quantitative methods of research in ins tructignk^ psychology 
in accordance with, the prevailing' European traditioh, American readers 
may .thus find that some of the earlffer Russian papers do not comply 
exactly to U.S. standards of. design, analysis , ..and r^orting," By using 
qualitative methods and by wording With small groups, however, the Soviets 
have been able to penetrate into the child's ^Koughts and to analyze his 
mental processes. To this end ^they h'ave also designed olassroom tasks 
and settings for) research and have emphasized long-terft, genetic studies 
of' learning. 
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Russian psychologi^s^d have concerned themselves with tihe dynamics 

f mental activity ^ij^i^ith the aim. of arriving at the principles of the 

learning process^ 1^ elf . They have inv^tigated such areas, as: the 

development of mental operations; the .tiature and development of thought: 

the formation of mathematical concepts and -the related questions of _ 

•» , ^ * ■ 

generalization, abstraction, and concretization; the mental operations 

of aiialysis and synthesis; the devel,opment of spatial perception; the 

relation between memory and thought; the 'development of logical reasoning; 

rv * 

the nature of mathematical skills; and the structure and special features 
of mathematical abilities, ^ . . ^ 

4^In new app!^oaches to educati«ona^research, some Russian psychologists 
have developed Cybernetic and statistical models and techniques, and have 
made qse of algorithms, mathematic&J. logic and information sciences. ♦ 
Much at tent-ion has also been given to progiiammed instruction and to an * 
examination pf its psychological problems and its app^^ation for . ^ 
greater individualization in learrling. ' ' 

The interrelationship between instruction and child development is 
a source *of sharp disagreement between the Geneva Schooloi^ psychologists, 
led by Piaget, and the Soviet psychologists. The Swiss psychologists 
ascribe \limited significance to the role of instruction in the develop- 
ment of a child. According to them, instruction is subordinate to. the 
specific stages in the "development of the'child^s thinkinf;;^-stages 
manifested at certain agp levels and relatively indepeadent of the 
conditions of instruction. 

As representatives of the materiaJ-J^stic-evolutionist thepry of the 
mind, Soviet psychologists ascribe a * leading role to instruction. Tliey 
assert \hat instruction broadens the potential^ of "development , may ^ 
♦accelerate it, and may cxercflse influence not only upon the sequence pf 
the stages of development of the child ^s thought but even upon the very 
character of ^the stages • IT^e Russians «tudy development ifi the changing 
conditions of instruction, and by varying these conditions, they demonstrate 
how the nature of the child development changes in the process. As 'a ' 
result, they are .also investigating tests of giftedness and are using 
elaborate dynamic, rather than static, indices. * 



See Tlie Problem of Instruction and Development at the 18th Int ernational 
Congress of Ps ychol ogy by N. A. Menchinskaya and G. G. .Saburova, Sovetskaya 
Pedagogika , 1967^ No ^ 1. * (English translation in Soviet Education , July 
1967, Vol. 9, No. 9.) ^ 

f * 

' v 

( 



Psychological researcji has had a considerable effect on the 
recent Soviet literature or; methods of teaching mathematics. Experi- 
ments have shown the .^liiidfeii^t ' s mathematical potential toj be greater 
than had been previously assumed* Consequently, l||issian psychologists 
have advocated the necessity; of various changes in the content and 
methods of mathecMftical instruction and have participated in designing 
the hew Soviet mathematics curriculum which has been introduced during 
the 1967-68 academic year. ^ 
- , * The aim of this se:iries is to acquaint mathematics edurators and 
teachers vith directions^ ideas,, and accomplishments* tn the_ psychblogy 
of mathematical instruction in Soviet Union. The series should , 
assist in opening up avenues of investigation to tho^e whp are interested 
in broadening the foundations x)f their profession, fo\r it is generally 
recognized that experiment and /research are indispensable for improving 
^content and methods of school mathematics. ^ 

• We hope that the volumes in tl>is series will be used for study, 
■discussion, and critical ^n^ilysis in courses or seminars in teacher^ 
training' programs or in institutes for in^sfervipe teachers at various 
levels . 

At present, materials have been prepared for fifteen volumes. Each 
book contains one or more articles under a general headiilg such as The 
Learning\of Mathematical Concepts, The Structure of Mathematical Abilities 
and Prbblem Solving in Geometry. The introduction to each volume is 
Intended* to provide sbme, background and guidance to its content.' 

Volumes I to VI were published jointly by the School Mathfepatics 
Study- (^oup the Survey of Recent East European Mathematical Literature, 
both conducted under grants from the National Science Foundation. When 
the activities of the School Mathematics Study Group ended in August, 1972, 
the Department of Mathematics Education at the University of Georgia 
undertook' to assist in the editing of the remaining volumes. ^ We express 
our appreciation to the Foundation and to the many people a^d organizatioiis 
who contributed to the establishment and continuation t>f the series. 



Jeremy Kilpatrick 
Izaak WirsEup 
Edward G. Begle 
James W. Wilson 



^ITORIAi NOTES 



1, BrackBted numerals iit the text refer to the nucabered 
refere'hces at the end of each paper* Where there are two figures/^ 
e,g. [5:123], the second is a page reference. All references are ' 
to Riissian^edltions, although titles have been translated and 
authors* - names transliterated. * 

2, The transliteration scheme \xsed is that of the Library 

« 

of Congress, id.th diacritical tnarks omitted, except ^that hO and B 
"are rendered as '"yu" and "ya" instead of "iu"^ and "ia." ^ 

3, Numbered footnotes are those in the original paper, 
starred footnotes are used for editors' or translator's comments. . 
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INTRpDUqriON 
Joseph R. Hooteiij Jr. ' . 

The authors of this volume, Meuchinskaya and Moro, have • 
. acicon^pliahed what many have triad; they have created .a unique and 

valuable contribution to-the plethora of expositions of -naethods 
^ of teaching arithmetic in the elementary grades." The reader is 

cautioned not to allow the all too familiar title "to lull him into 
-the false security that this is something he has already seen 

many times before, . * 

Rather than cho;Be the usual scha« for such Tories (1.^. . a detailed 
analysis of teaching techniques for specific arithmetical Instances) ' 
the authors have Instead chosen what nay Be best described as a 
phUososhlcal-psychologlcal analysis of the special probleni of 
teaching „athe.«tlcs to children. Relying heavily on their o«n and 
other soviet research In early learning, and assuming that the school 
_ serves a definite purpose m the Soviet political-social sche^, 
the authors first create a psychological construct, then develop 
techniqiies that follow. 

A careful reading of the table of contentr clearly reveals the 
fundamental outline of this voluiue and should quickly indicate 
to the reader the authors' basic approach. Therefore, to further 
conuuent here on the organization of the volume would be redundant. 
Rather, it may serve a :nora useful purpose, singly to call attention 
J:o some of the more interesting sections and to comment briefly 
on one potential difficulty for tfie reader. 

To- take the latter first, the authors frequently refer to a 
specific problem that occvirs in the child's textbook. Unfortunately 
the problem is not always reproduced from the student text nor is 
it always possible for. the reader to know the sequence in which the ^ 
problem.occurs. T^ns the reader is forced to make his own inference 
about the nature of the problem, WI.ile this makes for difficult 
reading on occasions, it in no way detracts from the -valu, ' of the " 
discussion at hand. T 
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Tie reader 1.- Strongly urged to re^d'Ch^pter I most ckrefully. 

,< ^ t,l«»el£ i» frequent, disagreement with one or more . 
While he my £lnd himself ll» treque , 

of the authors- state^nts or assumptions, thege are absolutely , 
lie to the authors, subsequent positions with regard to teac n. 
" hods, indeed, the authors never once v.late ^ - ^ . 

Perhaps the sections that will ~st interest A^^rican readers 
wnl be those dealing with "Mental Calculations" (Chapter 
"Teaching Problem Solving" (Chapter IV). and "Geometry .n the Primary 
leacnmg insight 
Grades" (Chapter V). Chapters III and V give t ^ 

f ^HP content of the Russiair elementary-school 
^nto the nature °^ content ui. 

t^!tic curriculum. Some readers may be astonished to d scover 
Tegree of mathe^tical sophistication expected of the ch 1 ran. 
Others may be a bit. surprised to see so much ^^^^^^ . 

the correct answer and so little (relatively speaMng) on th. natu 

„£ mathematics." ^ strongest contrasts between American 

Chapter III reveals one of the strons , 

tShpre the American curricula 
and Soviet arithmetic curricula. Where tne «. „„i.„, v 

ompletay ignore the role of mental calculations., the Sov ets consider 

, „ ^ nf the best means of deepening the ^ 

"mental cSjES^lations one ot tne Des.t , . „ 

ic^owledge Which children acquire in arithmetic lessons. , 
The authors present -a powerful arg^ent for a heavy emphasis on 
■ ZL calculations based' »pon their belief that to do so produces 
Tgreater .knowledge of ^the^ticB> This writer does not recal l a 
eilLrly powerful argument for ^ including ^ 

^ • ,1a While there are other equally interesting 
the American hurricula. While tner 

. contrasts in this, volume, perhaps it is at this point 
>»et fruitful investigations might*egin so as to resolve the iss e. 
Xn Chapter 'IV the authors discu^ at so»= length the research 

„f errors in problem solving, and then build a problem- 
on the source of errors in pro ■ rui^ annroach 

solving technique designed to prevent .such errors J^j; 
quite unique and should add considerable breadth to the 

--r crur;c:p:::^:Tr::.^ -fere, .md o^ . tructi. 

■ fe, different Mnd of children not only contains fine pedagogical 
hniques but also leaves the reader feeling that in the ,ss a„ 
elementary school the uniqueness of the individual is ca«fully 
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presenspd and gently coatsldered. Not a l>ad ending for any book 
that purports to teach adults hpWrfo treat a child. > 
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> ^ CHAPTER I . - ' . • . 

' THE PSYCHOLOGICAL AND DIDACTIC PRINCIPLES 

J ' - OF TigACHING ARITHMETIC 

<How can arithmetic instruction be ina4e n»re successful? How 
can adequate learning be atta^ined iii a shorter time? . 

Knowr^ge of the principles of instruction (didactic principles) , 
that arise fronTthe goals of ^instruction and reflect definite laws 
governing assimilation of st\jdy material should be of assistance Jtere^ 
Although educators of various countries and ^epochs apply the principles 
familiar to' us (conscious learning, Use of visudl ' aids,- and others), 
the content 'varies 'substantially, depending on the goals and conditions 
of, instruction. / 

The, teacher who is organizing arithmetic instruction should be 
clearly aware- of the principles ^that will guidfe him in his work and 
of the laws governing learning that he should take into account. He 
also should know distinctly the interrelationship among diverse 
principles; tlaat is, what place each "one occupies in the system of ^ 

principles. . 

In disclosing the content of didactic principles in this chapter, 
we shall give particular attention to their interrelationships, and to 
the primary significance of some and the subordination of others, which 
' can have various meanings depending on how th$ main principles are 
understood. . , ' 

1. Content of the basic didactic principles . , 
^a'nd how they are related ^ 

In the Soviet school at present, two principles arising from the 
goals of educating our young people acquire decisive , sigmificance : 
the principle of educative (developmental) instruction and the 
principle of the relation of education to life outside the school. 
The goal formulated in the program of Hhe Cominunist Party of the , 
Soviet Union— to ensure the development of the well-rounded personality- 
can be attained only if instruction is carried out with maxiaium 
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educational effect. That Is, the* instruction naist facilitate not 
otfly the acquisi^tion of faiowledge, not only luental developi:^nt , 
but also development o£ the per^nality a whole, the formation of 
CouBsmnist jaorality, ^d dialectical-materialistic world-views 
and convictioxis*^ / 

, In June," 196^ the planimi of the Central Committee pf the 
Communist Party Bet the task of overcoming the gap between feraining 
and instruction that still exists in our schools. This signifies 
a need to realize first of all the principle of educative instruction. , 

• We shoTild bear in mind thdt the principle of "educative .ins|ructiop 
lias held a large palace in the bourgeois science of education. 'It 
was linked with the name pf the' German educator, Joh^im /Br iedrich feerb^r 
However, this principle ^was understood quite dif f erentlyi . *no^ ,the - 
all-round development of the personality of a free man tiut, ph 'the 
contrary, 'discipline through crushing the will, compulsiois^-'this v 
was the aim of educfation according to Herbart^ ' \ A 

f It would wrong, however, to talk about educative instruction 
in Soviet schools without regard to the principle of its relation 
to life and the need for unifying theory and practice. 

The purpose of education is to. instill in children both a 
desire to study so that ^hey can do their share in laboring for the 
common good,, arui socially useful skills and habits. Naturally, 
the question may arise, what are the possibilities for realizing 
the^e goal^ at the elementary level? These possibilities are- 
considerable. To realize the^a, it is necessary, to take into 
consideration certain other- prinolples which more concretely 
determine how ^o- teach. We have In mind, above all, the well-' 
known principles of learning, and practice of instruction. If the 
teacher is able to effect them cai^slstent' with the principal ' 
requirements formulated abo^e, then he can be assured of success. 

F^rst let us show why these two principles are closely lljiked 
by showing that one necessarily presupposes the other and that this 
relationship is founded on a definite law of learning* The student can 



attain fiill^ awareness of mastery only \Aiexi he does not jmssiy^y t^ke 
in new material, but uses it actively. A general i^atioxi of some law of 
arithmetic ^uch as the comnttitative law of addition will be learned ' 
'consciously when the student himself has discovered, from solving 
suitable addition, examples, that the result does not change whex^ the 
addends are transposed. ♦ i 

Activity has a positive influence not only u^n the thinking 
processes (yhen the student is required to ma,st;er ^concepts and laws)^ 
but also upon th^ memory processes, increasing the capacity to rememt^r 
^nd to reinforce what is remembered. ' / • 

Try a "simple psychological experiment on your pupils and j^u will 
be convinced of the existence of t^ia pti^ciplrf. Without warning, tell 
•them to produce (name) the numerical ^4st a in the pond^lotn of an 
arithmetic problem they have ^JLvi^^ ^ perform two, versions of this 
experiment: in one, use prepared numerical data, as is usually done 
in problem , solving; in the other,' tell the children to make up numbers , 
themselves. The exper:taent, as a rule, will show that they remember . . 

the numbers they thought up themselves better^ than the ones which 

. *' ' 1 ^ .. : ■ 
thfey were given* ' - - , - 

Thus, an apportunity to work actively with the material is the ^ 

moQt important condition of conscious, learning, This does not, however, 

exhaust the \*requirements for constiious ^learning. To learn consciously 

means to und^stand what learning is for and what the possibilities 

\are;for applying acquired knowledge in practical activity. 

Again we see the Important role of the student *s active application 

of his knowledge in his own practice, academic and" occupational. But 

'the student's comprehension of why airithmetic is studied cannot be 

determined merely by his own practical activity. Extensive social 

practice, that is, using mathematics in life, gives children a motive 

for studying and brings about a desire to ^tudy mathematics. Thus we 

see tt^t the principle of the connection between Instruction and life 



■^This experiment was performed by the psychologist P. I. Zinchenko 

[76]. 



I -7 



" • . .• ■ . • ■ ■ • / •■ . 

directly detatrolnes (in the conditions of our schools) the content of 
t^he principle of conscious learning. I^t only the ccyitent of the 
knowledge acquired but als^ the very m^ho^fe of ;ita acquisition and 
use must be ^mi^tivated. In tte teaching^roce^s we must arouse in tafce 
children a longing to perf eaP the.ir methods of calculating and solving 
problems and to replace less pX^^M^ one& with more precise ancf 
economical ones. 

In practice we often find that* the primary schoolchild tries to 
s^void dlf f icultieSt • pref erring^'''to use nuDre conventional methocis. 
Fo^ example, some 4^iidren, ^^ter mastering the techniques of written 
calculation, begin ^ use^ these methods even in solving ^mentallj/ Ajid 
if they ate not alio^^^to write, they ''write dowA" figures mentally" 
("To add .9 an4/**2, Ij*rite ^own 1 and carry 1") . , Wh^f ii^ali&s 'these 
children re^s'drt to "such a cumbersome method? ' The ' desire to act. 
according :isO (Conventional rules, thereby avoiding active mental effort. 
They have not adopted the practice, of deviating from the beaten path 
•'and searching out more rationa>iu methods, 

' . A most important -task of mathematics instriKition is to'give 
schoolchildren the ijap^tus to think actively, to surmount difficulties 
in S&l^fting^he' various problems encountered in life, and to search 
for the most rational ways of solving these problems. The arousal of ^ 
such'a de^fiire is inseparably linked to the formation of stabler , 
"cognit^^ve** interests (interests linked to the process of cogn^iqn 
of the science 'being studied). But here again we encounter the 
principles of active practice and conscious learning in their intimat!e 
relationship. In this encounter we discover a new aspect to these 
•principles. ^ . * 

Conscious ^learning presupposes not only the work of the pupil's 
mind but also, the direct, active participation of his will and * 
emotions. It assumes forma|:ion of a definite emotionQ.1 attitude toward 
the learning process. "Without 'human emoti'ons,' the^e is not and 
there cannot be a human search for truth," wrote V. I. Lenin [34]. 
To some extent > this tenet, is applicable to our pupil, for wh6^* learning 
must become, to a certain extent, the process of ''prpcuring" knowledge.' 
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The greater ,the teacher's skill, the better he can organize the 
pupils' process of procuring knowledge; not only is he communicating 
the requisite sum oiE knowledge, but he is also forming iin active 
member -of the future Conanunist society. Under these conditions the 
pupil, not only gains knowledge in the process of instruction, but 
becomes p^ficient in methods and techniques of procuring and applying 

kxuswledge. f ' 

It is thes^|two elements which are necessary i^ order for 
instruction to be.developmentaJ,. As we know, "an empty head does not 

reason" (P. P. Blonskii), but a person may have much knowledge that 
remains- a '^dead weight" if he is not able to expand and use.it. .This 
kindle ability should be systematically 'formed .iii 'young children. • 

• Thift' i^ considerably more difficult for the teacher than merely Imparting 
the knowledge stipulated by the curriculum. . * ' \ 

In this book we shall give particular attention to the problem of 
fotming the skills- of acquiring and applying knowledge in arithmetic. 
We shall try to show how ^hese . skills are formed and manifested in 
various kinds of school activities— when mastery of new material is 
required in. connection with solving various examples and probfems. 

It is especiaiiy important to discover which teaching conditions 
(organization of the lesson, different forms ^f -independent work, and 
the like) facilitate the formation of useful skills, and which retard 
their development. We should keep in mind that skills differ depending 
upon whether they are limited -and specialized or whether they are more 
general, appearing in various types of activities. For example, the - 
ability to add numbers correctly in performing written calculations is 
a limited, specialized skill. The ability to analyze (break down), 
synthesize (unite), and generalize—that is, to carry out a particular 
mental operation— belongs to the other category. If "such a skill has 
been formed,' it may show up in different kinds of work, both in the 
deduction of a new rule of arithmetic and in the solcition of examples and 
problems. Finally, there is a cat^ory of more general, broader skills- 
knowing how to organize one's procedure, planning the work, checking it 
systematically, finishing what has been started, striving for accuracy 



and thoroughness of execution, and so on. Such skills may be manifest^ed^ . 
not o^y .In arithmetic cla^s, but in ^ther kinds of schoolvork and 
vocatioa^^l activities as well* ^ ^ • . ^ 

The teacher's efforts should be directed at developing a complete" 
system of such skills- in the children — both the 'narrower, ^aore particular 
skills, and the broadei:, more general ones. Now let us .brief ly describe 
what "activating a skill" means and what is nee.ded for it to occur. ^ 

i For the primary"^ schoolchild to be* adtive* in the. IcJNSing process, 
first he ne^ds plenty of opportunity Co display independence in school- 
work; second^ a knowledge of effective techniques of wrking Independently;' 

third, the arousal of a desire for 4a^dependencfe through the creation of 

• ' ^ . 

a. suitable motivation. In other words, an independent creative approach' 
to proW-em solving> must become vital to him* r • ' ' ■ ' 

Recently the principle of the activation of learning whTch calls 
for awareness and practice of what one learns, began to be utilized . ' 

rather extensively, and to have a decisive' influence on the under- 
standing of such well-known principles as accessibility, the systematic ' 
approach, and visual presentation in teaching, / v 

In terms of the activation of learning, , accessible material medK& 
material that the student can master thrpugh unassisted mental^ effort 
(under the teacher's direction, of course). This is an essential point 
% in understanding accessibility. One should not only avoid excessively 
dif i^cult material but also material that is too easy for the s.tudent 
to master, in which everything is clear to him from the very beginning 
and in which no problems or questions demanding mental effort arise. 

Systematic instruction ^Iso takes on a somewhat different m^eaning 
when seen in terms of the activation of learning. The principle that 
a definite sequence Is necessary in assimilating knowledge and forming 
skills undoubtedly , remains in forc^; to master mdre complex knowledge * 
and skills, one must i^aster the simpler ones on which they are based. 

* At the satiie time, a different method may be fully justified in 
the activation of learning. For example, in teaching children in the 
•first-grade how to solve problems, the question arises how best to 
pass from problems in one operation to compound problems in two operations. 
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Two dif f er^t ways can be advance^it In the flret^ one should proceed 
from simple problems and, combining two problems At o one, sjiow the 
peculiar character of the new compound probX^* ^ the second, one ^ 
should' tell the children to solve a two-opewf ion^r^lem that is ' 
new to them, -and to break it up into tw simple pr6ble^s while solving 
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isearch shows that the ^econd way is more effective. It la 
easier, when using this metljod, for children to reali2| the .specific , * ^ 
charactier pf ^ compoi^d problem compared to ^ simple one. Why? ' ^ . 

How can this be explained?; tit tte^ second ca§e f he tjeacher confronts . > 
them with a dif ficulty Immediately , glvixig them a new kind of proJ)lem 
and Explaining th^ ir^cannpl: be tsblyed loaned iateJ^ In 'one operatidh, 
th^t 16, in tlje '.usual way. In i{he 'first case, however, this cbnfronCation 
with a new difficulty is lacking.1* The chilt^ren gradually .pa^s from 
simple problems they know to a new problem created ox composed on the 
basis of the old one^.' 

When deciding a question of. instructional methods involving ways of 
introducing certain material, one should be flexible and not always 
follow the' same path (from the easy to the more difficult). It ip 
often expedient ""to present children with a new difficulty so as to make 
them aware of it, and so that later it will be ^asier for them to ustf 
this new material. In the example cited, the difficulty children 
encountered in solving their fijst two-operation problems will help 
them to handle problems of unfamiliar form later. 

Activation of learning fundamentally influences understanding of 
the principle of visual presentation as well. "From things one must 
go to ideas,'' Jan. Amos Komensk^, Czech educator ,/ said. Since then this 
principle has been extensively elaborated in edutatibn. In paj;ticular, 
in the elaboration of arithmetic metl^ds it has, received much attention. * 

A^ instruction proceeds, the child gradually masters certain 
abstract concepts, but apart from tl^ose which have been assimilated. 
New, even more abstract ones, are introduced, and again it becomes 
.necessary to make their content concrete by using various mea^s of 
visual presentation. Even today this iinderstan^ding of the principle of 



.visual presentation resnains tmchanged, and Soviet teachers are applying 

It fruitfully. But one aspect of it which should be particularly 

stressed when the task is to activate learnings has not yat" found 

suf f icltent reflection in practical arithmetic Instruction. We mean 

the independent^ |u5e of visual a lids by primary schoolch^dren. Until 

now little attention has been *given to this essential practice. 

Students have been given definite visual aids to use in calculation;' 

and afte^ a certain amount of practice with them, the teacher takes . 

them away. If they, had a difficult arithmetic problem, however » the 

teacher would maES a diagram, that s^ould^h^p them un^der stand ^ the * 

relationship between- the d^a and unknown contained in the problem's 

condition* ^ But the question arises: . jUnder these conditions » will a^ 

child learn to« .use. visual aids in independent work? This question has. 

to be answ^ed in the negative, «Under these conditions this skill 

cannot be formed because the child lacks practice in using visual aids 

by himself. The c|Lildren themselves should Imagine clearly what the 

problem is talking about without any special prodding from the teacher.. 

Students in the upper grades of primary school (third and fourth grades) 

aiM- able to construct a diagram that helps them to find the relation^ 

ship between the problem's data and the unknown. 

In a nimber of cases it is enough to make a problem given in 

abstract form more concrete, without resorting to pictorial visual 

aids. For example, in a special e^cperiment, a third -grade pupil was 

asked how the remainder varies if the subtrahend is increased. The 

boy could not give an Immediate answer.- He had not yet studied the law 

defining the interrelationships of these comiK^nents. However, he. 

handled the assignment successfully after independ^tly giving it 

concrete substance by translating an abstract problem into one of 

practical value. "If I had 5 rubles and they took away 2, then Vd 

r 

have 3. rubles; and If they took away more of my money — 4 rubles — then 
there 'd be less', only 1 rublfe.^* The boy then knew how to formulate 
an answer in abstract concepts: "If the subtrahend i^ increased, the 
remaii\der decreases." 
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Thus we have shown that didactic principles are not slaply the sum 
of prerequisites for success in the learning process. They comprise 
a system whose^ elements.^ although linked inseparably, are not equivalent. 
They play unequal roles "in this system. Some of them, such as the , 
principle of educational instruction and its connection with life, have 
decisive significance. Through the principle of activation it affects 
all the other principles. Others, 'such as the principles of 
accessibility, the systematic approach, and visual presentation, h^ve 
secondary si^ificance, and their content depends in substantial measure 
on whether the principle of activation of learnitig is realized. 

In characterizing the principle of activation of learning, we have 
shown that while it arises from the teaching alms of the §oviet school, 
it res.ts at the same time on a definite psychological law governing the 
mastery of school material. 

However, still other laws govern learning, which the teacher must „ 
know in order. to have better control over them. Ve shall describe them 
below, giving attention to what is required for adequate learning and 
application of knowledge (and what demands are made on a pupil's" 
thinking in the learning process) and to the conductions under' which it 
is easiest to attain these requir«ments. 

2. The link between analysis and synthesis in learning arithmetic 

In mastering laws and concepts of arithmetic and' in solving problems 
and examples, schoolchildren are continually carrying out the basic mental 
operations of analysis and synthesis. At first they have poor control 
over these processes, and only gradual^ly do they form the ability to 
analyze and synthesize. - ^ 

. Each of you can observe in yourselves, manifestations of the laws . 
of analysis and synthesis. Imagine that some unfamiliar apparatus or 
mechanism is being demonstrated before you. You perceive it in its most, 
g^eral, unbroken form. Neither "its purpose nor its working principle, 
is clear to you. At this first stage in the examination of an 
unfamiliar object, you perform an elementary, yet^ still imperfect synthesis 
which is not based on analysis. Then in examining the object,, you 
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separate its individiuA ]^arts, auH interpret^ their purpcjse, drawing 
upon what knowledge you have*~i.e.^ you" .perform an analysis of the 
object. On the basis of this^ analysis In integrated, idea of the object 
is synthesized,' -which^m^kes possible a definite sunaise or speculation 
as to its function;'' The synthesis which you- are no* performing is nj^re 
complete, 'since it is based on analysis. ♦ ' ' . 

The success of atiy intellectual work depends on the completeness 
of analysis and ^synthesis, on a person^s ability to effect these two 
processes in close association with each other .. 

In the process of learning* larlthmetic, a certain gap is unavoidable 
in the levels at which children carry out both Operations..- This gap is 
temporary, and whether it is. over come , in as little time as possible,- 
whether the children are taught to perform closely-linked analysis, depends' 
wholly on the teacher's skilly ' ' ^ ^ 

We c^n find a im^st striking sample of the temporary disunity of 

analysis and sjmthesis in an experiment with pre-school and nursery 

school children in forming their first nunierical concepts. The following 

was commonly' observed : v 

A mother held two sticks in her hands and asked 
her two-year-old girl, "How many sticks do I have^" 
"1, 2, 3, 4, 5" w^s the answer. When the question 
was repeated, the child again recited pumbers, 
without giving any designation to the whole aggregate: 
"1, 2, 3.-' jBut immediately afterward, although; she had 
ndt been asked '^*How many," the litrtle .girl said to her 
mother, "Give me the two sticks." Seeing two butterflies 
flying together, she cried, "Two butterf liesi" But a 
£ew minutes later, when the question followed, 'Hlow many are 
are there?" the answer was different: "1, 2, 5, 7. "2 

What do these observations say? At a definite stage in a child's 

development, in connection with forming his numiarical ideas, two . 

imperfect forms of pre*--numerical concepts co-exist, form reflects 

primary synthesis', not*^ased on a preceding analysis. "Two," says 'the 

child, relating this to a definite quantity, without having previously - 
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Case taken fro^o^the observations of Menchilaskaya [38]. 
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4?rolcexi it down into individual units, without counting. The second • 
form, on the other hand, amounts to elementary aimlyais, since ^he child 
enumerates a consecutive series of tlumbers ("1, 2, 5,^ 7"). However, this 
analysis does not lead to a subsequent synthesis, since this enumeration 
Is not followed by naming the last number ^s the designation oi the tot^^ 
result of counting* Furthermore, it must be kept ih mind that 'the analysis 
in itself iS extremely imperfect in the initial stages, sinceT a ^uriit in 
a numerical series still does not 'correspond tfc ah .element in the aggregate 
of objects Heing count;ed, and the child makes an error in reproducing 
the series of numbers ^ 

•Gradually- children become proficient in iihis complex- operation of 
analysis, but. the coricept of number is formed only when analysis and' ^ 
synthesis are implemented in close relation to each other. Breaking 
up th^ sum total- into units and accomp^ying this with a recitation 
of a series of numbers leads to subsequexvt unification of tlie given ^ 
quantity's elements, naming "the last number in the series as the / 
total* quantitative result. ' ' ; * 

At' all stages' bf instruction, attention should be directed 'at 
forming the ability to carry out analysis and synthesis,, implementing 
the link between them. A child cannot ^ form a single concept without 
execut^ing analysis and synthesis. Comprehensive analysis has great 
significance here. Incomplete analysis inevitably makes for erroneous 
synthesis* This phenomenon is especially striking in solving 
aritlimetic problems. . • ** 

-First and second graders f requently^^ke mistakes like the 
following. In choosing* an arithmaticajoperation , th^y do not consider 
the question, but perform whatever operation the numbers themselves 
"prompt'' them to^ For example, to solve the problem: "Van ya had 2 
apples and Petya had 3. How many B^ore apples did Petya have?", some 
of thejn mistakenly add 2 and 3, making this mistake simply because 
4:hey do not ana^yEe the text of the problem and do not single out the. 
question, even 'though it was needed for choosing the ^ight operation. 

11 
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Often in choosing an arithmetical operation, primary school- 
children tend to r^y on a specific word taken out of context, in 
isolation from the rest of the problem. For example, in ^ coming 
across such words as"flew^way" in a , problem's condition, some 
pupils subtract, even though the presence of these words in the text 
does not always indicate subtraction. (For example, the ptx)blein: 
"Some birds were sitting on a branch. Three flew away and 2 were 
left. How manyl&irds had there been on the branch?" contains the 

*word8 "flew away," but it is solved by adding, not subtracting. 

V Agaih, this kind of mistake results from incomplete analysis, . 

"^wever, in speaking of* complete analysis of facts and pheno^etia, 
one should stress that this analysis must be subordinate to a , ' ^ 

definite^ problem . Any complex phenomenon has many different aspects* 
Depending on the problem, one should sometimes single out one aspect, 
sometimes another. When we are dealing with a concept, it reflects 
not all, but only the most significant, aspects of objects and 

4 

phenomena.* Various aspects may function as essential, depending 
upon the concepts. For example, in forming the xioncept of an 
integer, a child deals with quantitative correlations; from the 
standpoint of this conciept, the size and form of the objects being 
counted are not signix leant. But in geometry, form is first and 
foremost, and other characteristics are no Iqpg^r^ relevant. Thus, 
the task of teaching is to train children to perform purposeful analysi 
which takes into consideration the goal of the assignment. 

Mathematics requires children to discern relevant characteristics 
inherent in a whole^^eries of facts and phenomena and to generalize 
them, formulating suitable concepts and laws. How can the formation 
of correct generalizations be ensured? We shall answer this question 
in the next section, 

3* Princip les determining the f ormatlon of 
correct generalizations 

The question we have raised is very important. It is difficult 
at first for children to discern and be aware of the characteristics 
which ar^ relevant, thereby separating them from numerous irrelevarlt 
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aspects of facts and phenomena. Frequently these insignificant 
characteristics are expressed visually and the child sees them first. 

Try giving a child yho has not yet formed numerical notions the 
same number of objects (for example, five buttons),' but arrange them 
differently. First arrange them in a saftll circle, then make a 
figure of extended length. If you ask the child which group has 
more bisons, he will point .to the one which occupies more space. 
Thus the arrangement of the objects in space determines his judgment; 
and the child does not notice quantitative relationships beyond 
these visually expressed characteristics. 

To make discernment of relevant features faster and easier, the 
children must repeatedly convince themselves that thfe same quantity 
can have different spatial arrangements. Children find it especially' 
convincing to change the spatial arrangement of a definite number of 
o^bjects •themsetves. For example, they can be told^to put five buttons 
that are arranged in a circle onto a ruler<, thus extending them in 
, length. Of^ similar significance are first-grade assignments in '-^ 
counting and establishing the equality of quantities made up of 
different objects or objects of the same kind but varying in size, 
60 lor, and the like.^ • 

\ It is very important for the mathematical development of primary 
schoolchildren that they understand that the results of the numerical 
operations they perform (addition, subtraction, and otherS) do not 
depend ^pon the names of > the objects. If children add 5 matches 
and 3 matches, for example, they will get the same numerical result 
as by adding any other objects (sticks, blocks, etc.). 

Whether the children ha»e formed this necessary generalization 
can be checked very easily. First, tell a student to add 3 matches 
^.and 5 matches. When he gives 8 as the result, ask him what happens if 
". 3 pencil^ and 5 pencil^ are added. The child who has formed the 
' generalization will answer, ^'That will be 8, too," or "Still 8/^ 
The one who has not yet mkde the generalization will want to get 
penci-ls to .perform the numerical operation anew.' (In any such case 
the choice of numbers defSends on the limits beyond which the child 
can no longer dompute without using objects. 

13 
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To form this generalization it is necessary to dexsonstrate 
visually tb the children that the result does not change although 
the names may be the most diverse • They should repeatedly convince 
themselves ^of this with their own experiments. 

Exactly the same requirements for forming generalizations hold 
true in other sections of thp arithmetic course (the study of 
♦geometric material » problem solvingV, but only in these cases do 
the children have occasion to handle other relevant and irrelevant 
features* 

Ejrrors in generalizations similar to those d^escribed ^above may 
be encountered not only in first and second grade, but in third 
and fourth grade as well. . For example, some pupils cannot recognize 
a rectangle extended in length since they have the mistaken idea 
that the ratio of the lengths of adjacent sides is a criterion of 
the given concept. This erroneous conclu^on would not rftve been 
made if the^ Cfhii4ren had seen and constructed, for themselves^ 
rectangles with different \side ratios. 

In, the solutioii of arithmetic problems, mistakes in general^-zations 
occur in various forms. Either, as noted earlier, childa?6n consider 
one definite word (most often a verb)^ to be invariably linked with 
a definite operation when they are choosing an arithmetical operation, 
or they regard some verbal expression's most significant in determining 
the type of problem. For example, after getting to know the t3rpe of 
problem in which two numbers are found from their sum and ratio, 
some childre^ think it is enough to notice the words ^*so many^times 
as much'^ in the problem *s condition in order to decide that the problem 
must belong to this type. 

Again in these cases, a necessary condKion for correct generally 
zations is demonstrating with concrete examples tha^t features which 
can change drastically are not relevant for a certain concept. For 
example, one may encounter rectangles with different proportions of 
lengths of adjacent aides, or a ratio may occur in different problems, 
typical and atypical; it may liave a different meaning depending on 
wliat other data it is combined ^ith in v the^:ii2o'ndition. Thus we can 
now formulate a general rule: A necessary condition for instilling 
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correct generalizations in children Is the variation of inessential 
features of the material presented ^ keeping the essentials constant 
and unchanged . Here it is liaportant that the children actively vary 
the inessential parts of the material thaaselves \rtien illustrating 
a concept or .law. <*• 

The teacher should have sufficient material availai>le for 
exercises. The children can be asked to substitute names of the 
objects subject to calculation while performing the same numerical 
operation, draw rectangles of various sizes and with various side # 
ratios, think up problems in an arithmetical operation using 
different verbs in the condition of the problem, and so on. 

It is of great importance for the students to Identify not 
only the relevant characteristics (or the principle) , but also the 
irrelevant (variable) ones. The former are usually given in the 
textbook defiriitlons, where they are specially emphasized, Irrele- 
vant characteristics usually are not specified. Still, it is very 
• important that children know how to express vocally what character- 
istics are irrelevant for a given concept (or principle). Here, 
of course, we do not have in mind any complicated statements. It 
is quite enough if first graders say, "3}t*s the same no matter what 
we count." Or similarly, while drawldg Ire c tangles, they might say, 
"Rectangles are different— big and littae— and their sld'es can be 
different." But here, one importamx^equlrement must always be 
observed in teaching procedure :X^e definitions children give of 
concepts, their statements of laws, and enumeration of Irrelevant 
features, should always arise from fhelr own experience, and be a 
result, not a conditior|?, of their work with the material so that 
they ^re provided with the opportunity to become fully aware of ^ them. 



This requirement was formulated on the basis of a series of 
investigations by Kabanova-Meller [25] 
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Otie should always remember Ushinskii's dictum which vividly^^ 
expressed this requirement: "A word is good when it faithfulljl 



expresses an idea; and it expresses an idea faithfully whoa ^ 

grows out of it, like skin from an organism, and is not put^on / 

like a glove sewn from other skin [68:34]." _^ ^ ^ ^ 

^^^^^^^ 

Even now a dispute is going on among methodologists and 
teachers over whether it is necessary to give th^ children the 
names of problem types. We shall easily resolve this dispute if>- 
we proceed from the requirement set forth above, /Nanjing the type 
is useful when it results from the child's comprehension of the 
characteristic feature of the type-problem, when he himself makes 
a general conclusion. Conversely, the name may ^nly do harm if the 
^acher communicates it prematureiy^^^^Lftd reduces it to some tag, 
related to the purely external feat;u|rjes of a type-problem. 

Let us consider in greater detail what the "process of 
generalizing represents in mastering ar^ltt^etical concepts, as well 
as others. The child learns a general proposition because he 
compares observable facts and phenomena^^^ reveals the similarities 
and differences in them. We see^^^&m the previous examples that 
discernment of the general (ratios, object form, problem type,^*^ 
etc,) is based on ascertaining s:^piilar features inherent in a number 
,of phenomena. At- the same time,.^distinctions in these phenomena 
are noted, allowing the relevant features to be separated from the 
irrelevant. In. cou^itlng identical quantities, when children say, 
"Five white balls and five red balls," they are noting a similarity 
in one essential respect, while keeping in mind that this ^esemblaace 
is inherent in different phenomena, 

Comparison is the mental activity which the child conaTantly 
.^implements in learning. Furthermore, Ushinskii [68], pointed out that 
comparison is the basis of all thinking. Success in learning is 
determined, to a significanl: degree, by whether the pupil has formed 
the ability to compare, i,e., to notice the similar and the dissimilar. 
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In matheaatics instruction, even' in, the primary grades, pupils 
are required to perform complex forms of comparison. They have to 
note what is similar in phenomena which outwardl^ differ greatly, 
and at the same time, they must disicern a difference where the 
resemblance is strong. \^ 

A significant number of mistakes that pupfls make in arithmetic 
occur because they do not Jknow how to compare; instead, they' 
operate by analogy (in solving examples and problems) when aV change 
in operation iKd^od is required and, conversely, fail to use known 
methods^ where they should, since they dd not notice the similarity. 

The little words "na" and "v" in the expressions "na skol^^kc!)" 
("How much" larger or smaller) and "v skol'ko raz" ("how many times* 
larger or smaller), which requite fundamental changes. in operational 
method, are often overlooked by the pupils, and mistakes inevitably 
occur. ^ 

One stumbling block for children is the difference between two 
systems of names in solving problems of division into parts and 
division by contents In both cases one has to write the concrete 
name that accompanies the dividend; but in the first, it is the , 
divisor that is written without a name^ and in the'^econd, it ds the 
quotient. Quite frequently children do not notice this difference 
and, in writing down the answer to a problem, liken one system of 
notation to the other^ ^ ' 

, Even in type-problem solutions one often encounters similar 
mistakes. For example, the pupils correctly solved problems in 
finding two numbers from their sum and ratio, but when they were 
given another problems whose terms indicated the difference and the 
ratio, they failed to notice the important distinction in the 
conditions and did the problem incorrectly by adding the parts. 

At the same time, the reverse is often found in the classroom. 
Pupils successfully solve a problem in division into parts, but 
j-through a definite verbal formula (when the conditions say "how 
m^py times more"). If the wording is changed (for examplS, "If 
we divide one number by another, how much will the result be?"), 
a number of students perceive it as a sl^ni^cant change and fail 
to use a method they know well. 
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What are some ways of preventing this kind of mistake, and how 
can one combat it once it has appeared? In particular, how is one to 
counteract mistakes of confusing similar facts and -circumstances? 

One general law of mental activity is well known* Concrete, 
.contrasting phenomena are most easily distinguished.' This law^ 
applies with equal validity both to perception and to thought' 
processes. It is bas^ oji the physiological law widely taught by 
•Pavlov and his pupils s of a number of stimuli acting on the nervous 
system, contrasting stimuli are the first to be differentiated. In 
the study of concept formation at the preschool and early school age, 
we constantly m^et the same fact, ^patrasting concepts, one aiding 
awareqfess of the other, are formpd first of all: "big — little," 
"good— bad,'* "many^few," "lon^^-short, " and so on. Such concept 

pairs are easily learned because)they are in contrast to each other. 

> 

A mathematics course, particularly a primary-grade arithmetic 
course, contains many pairs of contrasting concepts J the operations 
of addition and subtraction, multiplication and division, or a direct 
problem and its reverse. In many cases (if not in the overwhelming 
majority), however , reversible concepts, operations, and' problems are ^ 
studied in school at different ^imes, and the ^tudy of th^ > often 
separ^ed by rather long intervals. Whether this hampers learning is 
a question we shall answer a little later. 

Psychological research using various materials (curricular and 
extracurricular) shbws that contraposition of distinct concepts and 
rules prevents subsequent confusion of them. There are two %rays of 
contrasting — simultaneous and consecutive. In the first j both 
concepts (or rules) are introduced at the same time (in the same lesson) 
in contrast to each other. In the second, first one of the concepts 
being compared is studied, and when it has been mastered , /.the second 
is Introduced, on the basis of its contrast to the fir|t, 

In* teaching arithmetic, what pairs of contrasting concepts can., 
expediently be introduced simultaneously, and what concepts should , 
be contrasted consecutively? Can it sometimes be expedient to make 

18 



32 




the contrast only after both concepts have been master^? Up to now 
this third way has been most widely used' in school. Educational 
research is still unable to answer these questions definitively « 
Further experimentation on the ef fectivenesalof the three different 
ways of teaching, in conformity with various sections of the curriculum, 
needs to be organized. 

Even now, however, one can assert the following in all certainty: 
Contrast creates ^dndbi^ted advantages for learning, since both concepts 
or rules are inclu^ded in a single system of knowledge, and learning 



the features of one concept reinforces the mastery of the features 
of the other. Thus one may infer, for example, that it would be 
expedient to-^s^troduce addition and subtraction simultaneously. . 

But when the concepts or principles being studio represent a 
rather complex System of features, and not all features of this 
system are diametrically opposite each other, *it is more expedient 
to contrast th^ later.. This method was used, for example, with respect 

to the two kinds of division — division into parts and division by 

5 ' ^ 

content. The difficulty in solving these problems consists in the 

different ways of writing cog:ictete n^es, as noted above. The 

nbitation of the dividend is the same in both cases; the difference 

in t^e methods in >the two other cbmponents* In compliance with 

the curriculum, the division into parts problem was studied first, 

and the discovery by content was introduced on the basis of contrast 

with the first. . Typically, the pupils themselves discovered what 

peculiarities distinguished the new problems from problems on 

division into parts. / ^ 

Therefore, when a new assignment recalls an old one in certain 

respects. Inducing students, to ap^y already familiar operational 



4 

Such an attempt is being made., In. particular, by Erdnlev and 
a number of Stavropol teachers [17>. 18]. 

• 5 ' ' 

N, 1, TCozheurova, a teacher, ran the experiment with the ^ 

assistance of Menchlnskaya [37]. 
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methods, ir is essen^iial to stress th^ dlffer^ce between the new 
assignment and the bid one and to establish its specific character 
from the very beginning of the assignment. The third way, contrasting 
both concepts or rules only when an interval has elrapsiS'^^ter they 
have been studied separately, is absolutely inadmissible in cases of 
this kind. Thus contrasting at different stages should help prevent 
confusion of similar concepts and rules. Contrasting needs to become 
a systematically applied method in academic practice .* 

Sometimes it is advisable* to supplement the present curriculum 
in those sections which limit opportunities for contrasting. This 
observation is made in reference to ^*^type-*problems. The curriculum 
introduces one variety (for , example , problems "on the sum and ratio") 
and excludes another (for exatf^le, problems "on tlie difference ^and 
ratio"). Lack of opportunity - to change the type-method as the problem's 
condition 'changes not only robs type-problems of cognitive value, but 
also does harm by preventing the pupils from thinking, since it^is 
enough for them to "adjust" the probleml,s solution in a particular 
pattern to make it successful. 

4, Abstraction and its role in the process of learning 
and applying knowledge . The link betwe.gn concrete 
and abstract thinking i_n learning ar ithmetlc . 

In the sections devoted to the problem of generalizations and 
c?ouditions for forming them, we have touched upon the problem of the 
asbtraction process, since mastery of concepts and laws is impossible 
without distinguishing certain characteristics and abstracting them 
from others. To discover what claims practical schoolwork demands of 
the abstraction process, what kinds of abstraction exist, and wlxat 
'cpnditione facilitate successful completion of the process, it is 
'necessary to reconsider this question specifically. 

In learning ar itlimetical concepts 5nd laws, students unify similar, 
relevant features inherent in a number of phenomena, separating them 
from the other, irrelevant ones. Generalization and abstraction are 
performed together, inseparably linked. s 

But in academic practice there is more than this one form of 
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abstraction. Ar^other significant .form of abstraction uses previous knowl- , 
edge to solve a problem • Thkt is, the child must find a familiar con-- . 
cept (or principle) In an unfsuailiar, concrete problem. The difference 
between these forxos of abstraction is quite easy to grasp if they a^e 
compared by using an example taken from arithmetic, instruction^ To form 
tile concept of a problem type (for example, involving^ "the sum and ratio") > 
you show how the given type problem is special by giving several examples 
(with the acti\^e help of the children). The characteristic feature of 
the condition ^nd. the appropriate methods of solution, which are identi- 
cal for the series of homogeneous are problems emphasised, (for example, 
^he problem's condition gives the sum of two numbers and their ratio, and 
' the "typ^c^l method is- to introduce a contingent *^|j'i^rt" and then to add the 
parts) . . ■ ' 

The children notice what the problems in this categoryh«Ve in common— 
an essential step, In solving them — and omit irrelevant res (different 

subject, different numerical data, etc.). In other words, wlfen classi- 
fying the problem according to a given type they do not consider insignif- 
icant features. Here we are dealing with the first kind of abstraction, 
which is implemented together with generalization* ^ . ' . 

At later stages of instruction you tel^ the students to solve a prob- 
lem of this type on their own. You naturally make various changes ^ the 
irrelevant aspects of these problems — you change wording, subject, numeri- 
cal data, or you introduce an additional condition. 

This psyciiological task that confronts the child is to recognize in a 
given arithmetic problem a type of problem studied earlier. To do this he 
must distinguish its essential features, ^'purif ying*'. them of the i;rrele- 
vant features that ^^cloud^ or *'mask,*' so to speak, the features of the 
problem type that was studied. Here we are dealing with the second kind 
of abstraction, which acquires the significance of an independent process 
since it is not implemented together with generalization. Tlie child has 
already formed the generalization. He only needs tq. Tind a general prln- 
ciple, articulating it from n^w concrete conditions. ^- - 

The difference between thesa two kinds of abstraction has important 
consequences which dictate a different teaching approach^ A pupil's 
difficulties in carrying out the first form of abstragj^on (let us call 
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it the "primary" form) are lightened when the second form of abstraction 
(let us, accordingly, call it the "secondary" one) is implemented. Indeed, 
whjen we are forming a concept of a .type of problem, we need to begin with 
a^ more concrete problem and then have 'the children go. on to an abstract 
problem.' To fall back on an example used earlier, we should first show 
"the sum and ratio" type of problem with real objects, then move on to a* 
topical liescriptive problem: ^ 

Two boys had 12 apples. One had 3 times as many as the 
other. How many apples did each boy have? 

and only then' give them a problem with abstract content: 



1 



The sum of two numbers is 24, and one number is twice 
as la^ge as the other. What are the numbers? 



By contras;:,' when we are dealing with secondary abstr^action, introduc-^ 
ing specific, topical details into a problem can only make it harder for the 
pupil to solve, since'^ie has to recognize a familiar mathematical structure 
in a more complicated concrete phenomenon, discarding many inessential 
details. In one investigation this, fact was demonstrated In an example 
' of solving problems byTequating data." The fourth graders successfully 
applied the equating method to "solving problems in. wh£ch they ^P|?e directly 
told' the different prices of two groups of objects For example, the 
problem: • 

Three books and 5 notebooks cost 40 kopeks, 1 book and 1 
notebook cost 12 kopeks. How much each do a book and a note-- 
book coit? 

But wh^n they were given a problem to which more specific conditions had 
been added: ' 

A girl bought 3 books and 5 notebooks and paid 40 
kopeks the first time. The next time, she bought 1 
book and 1 notebook at the same prices and paid 12 kopeks 
for the)5^^ How much each do a book and notebook cost? 

many of the same pupils could not solve it. Tile cayse of the difficulty 
was that in this problem, the interrelation of the prices of the two groups 
of objects was "clouded" by new, specific, purely topical details: "the 
first tiuie," "the second time, ", "bought , " and ''paid." Tlie necessity of 
abstracting from a large number of mathematically insignificant details 
complicated the -solution of the prot^lemi 
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^ Consequently » a problem varies in psychological difficulty <for the 
pujhU^ depending on whether we are forming a concept (principle) or giving 
exercises in recognizing a familiar concept (principle) under new, con- 
crete conditions. This results in a diff^j^t order of presenting problems 
from one case to the other. - v-^ 

Xja approaching the two forms of abstraction in solving arithmetic prob- 
lems, there is another highly significant consideration. When primary 
abstraction is carried out, one should ensure fairly extensive experience 
by acquainting the pupils with various instances of the concept being 
studied, in secondary abstraction, the diagram, which aids in the selection 
of a general principle under new, concrete conditions, should ^lay a dc^cis-- 
ive role. 

Psychological research has revealed the posi)tive role, of diagrams in 
problem solving 16]. It is well known that the basic difficulty pupils 
, have in solving arithmetic problems is the gap which exists for them between 
the concrefte story aspect ofx the problem and the abstract mathematical 
relationship expressed in iti A diagram^ (expressing in abstract spatial 
form a relationship. between data and unknown — for .example, in the form of 
rectangles^ of various lengths) helps to oveifcome this gap by uniting visual 
elements and abstract material. A diaj^am, on the one hand, helps to elim- 
inate the problem's specific subject since it is more abstract (outsid.e \ 
the subject). On the other hand',' it facilitates awareness of the abstract 
mathetiiatical relation, since the diagram itself expresses this relation, 
in more visual, graphic .form. 

From this point of view it quite typical for the diagram to be 
unable immediately to help overi^i^me the gap between the specific and the 
abstract in the pupils' minds. An important condition for using it success- 
fully is to compare i^ \^th a more concrete sort of drawing — a picture 
illustrating the interrelation of the objects , described in the problem. 
In this instance a gradual abstraction from the irrelevant facets of the 
problem's .condition takes place. In analyzing a picture, the pupil is 
distracted from details of the story and directs his attention to relating 
the-obj-ects . In analyzing a diagram, he is even distracted from the 
objects^khemselves and concentrates only on the relationships of ■ the quanti- 
ties expressed in the condition. »^ 
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■ In the course of this exposition we have been approaching fonnulation 
of a most important principle of instruction in general, and of mathematics 
instruction in particular: the prlnctgle of tha inter ac tioi> f concrete 
and abstract thought in. the learning process * The significance of fhis 
principle (and the law it reflects) is clearly revealed the material 
ve have* considered. 

' We. see tliat a necessary 'prerequisite for forming abstract concepts 
is the accumulation of concrete experience, including acquaintance with 
different phenomena. Recognition of a general, abstract principle will 
come about only with the conquest of the gap between the concrete and 

the abstract which initially exists in the mind of the person wto is solving 

> 

the problem. 

At this point we should remember that the concepts of "concrete" and 
"abstract" are relative . The same academic material may be abstract for ^ 
a pupil at one stage of instruction, and at the next stage become concrete, 
since its role in the learning ^process has changed and it begins to function^ 
as a concrete support for new, more abstract material, \ 

For example, at the initial stage of instruction, in .which pupils 
advance from practica^operations with quantitj.es of objects tp arithmet- 
ical operations, the numbers they work with and the calculations thjfy 
, perform are abstract. But ^to the pupils, these jiumbers and the operations 
with them became a distinctive, concrete support for studying the arith- 
metical opeiratious and for solving problems* " / 

You can easily discover this for yourself if '.you givfe first. graders 
who are just beginning to solve arithmetic .problems a problem without 
number data. ' Many of them will not be able »to solve it, since th^y lack 
the ba^J^c support of operations with numbers. Operations -with numbers play 
an analogous role (of concrete support) in .the transition to more abstract 
material in the upper grades — e.g manipulating letter symbols in algebra. 

The role of ^concrete material varies not only with the stage of 
instruction but also with the problem. In mastering new concepts and prinr 
ciples, concrete material is a support to learning.^ But; in recognizing ^a. 
previously studied concept or principle under new conditions, concrete 
material (as was shown in detail in the example involving solut^ion of type- 
problems ) becomes a condition which not ouly {ki).s to sijnplify but actually 



3S 



24 



ERIC 



ireful 



complicates an assignment. In both cases concrete material is useful in 
school > but in the second case it will play a role very different from that 
in the first case, as we usually imply when discussing the principle of 
visual demonstration. 

The prior use of visual aids shoulci* be considered in the light of the 
broader problem of c6ordinatlng the "concrete and the abstract in the teach- 
ing process ^ 

We must turn our attention to .still another facet of visual aids. They 
are certainly not always useful in teaching." Often in the classroom we fi^d 
themmisused* when they are applied unnecessarily. Sometimes they can even 
play a negative role, diverting us from the problem at hand. Many cases ' 
can be cited. For example, a first grader is being taught how to choose 
an aritlimetical operation (addition or subtraction) in solving arithmetic 
problems, and to this end the teacfeer brings out a picture of birds, some 

• sitting on a branch and some flying toward them (or away from them) • By 
looking at this picture the pupil sees the birds that are to be counted. 
Obviously he need not mull over what operation to use when he can tell 
immediately how many birds there arp after the others have Joined them (or 
have flown away). Here the visual ajiproach does not^cilitate formation 
of the ability to choose an operation to solve a problem'^ but hinders it. 

A picture plays such a role when it is used at the initial stages 
of, teaching children tp formulate problejiis. Keep in mind that at first 
children find a basic difficulty in putting a question into a^ problem. 
It is often observed that when first graderS are told to think" up a prob- 
lem, they make up one without a question, or instead'' of a question they 

'immediately give the answer. So it is especiaMy important to have the 
pupil construct problems by hifrtself in. order to teach him how to formulate 
a question. But what is gained when^a picture is used as the basis for 
'formulating a problem? I^at happens iS just the opposite of what the 
teacher wants. For eicample, children see in a picture that a little girl' 
picked 3 mushrooms and a little boy picked 5. Naturally t5^ey see no 
reason to put into words the question, "How many mushrooms in all do the 
boy and feirl have?!' in their problem. Instead^ of a question they give 
a numerical answer,. "They picked 8 mushrooms in all^" In this case there 
is no need for a question, sin^:e the result is immediately obvious • . 
^uch unjustified use^of visual aids occurs at various levels *of 
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instruction. For example, in arithmetic books for the^'various grades, 
one can find illustrations of the things described in the problems even 
though the child a^e well acquainted with these things, and looking 
at them can only lead their thoughts astray. So how can they concen- 
trate on the problem's mathematical structure? 

In practice, one visual form, the illustrative form (pictures), is 

J 

of ten misused, while analytic types of pictorial visual ai^s — diagrams 

and sketches— are strikingly underrated. A significantly larger place 

in arithmetic teaching should be given to these forms. The goals of 

polytechnical ixxstrUction demand it. I^i;om this viewpoint, development of 

children's spatial ideas, formation of the. ability to read and construct 

a drawing (draf t) both, mentally and on paper, the ability to transform 

, * 

drawings and their separate elements mentally, and the like, acquire great 
significance [5; Chapt. VI]. Only if we make sure that the childreir havfe ^ 
eijough exercises of this type will we succeed in accomplishing the neces- 
sary development of their concrete thought in the primary grades, impera- 
tive for their subsequent success, not only in. academic fields but in 
other work as well. . ^ 

It should be kept in mind that concrete thinking , the basis for 
developing abstract thinking, develops by itself_ in the course of school- 
ing, ,at all ages. 

We stress these propositions because until now a simplified idea of 
the development of children's thought 1ms been popularized and reflected 
in arithmetic teaching methods, especially those that have to do with the 
visual aids principle. The idea comes down to this: A small child thinks 
in concrete terms; therefore in teaching him mathematics, one needs to use 
visual aids extensively. Furthermore, to the extent^ that he will master 
abstract concepts' and rules, it is necessary gradually to remove visual 
aids, going from full to partial use of them and then removing them entire- 
ly. 

Wliat is correct and incorrect in these assertions? It is correct that 
in the early stages of growth a child is capable of learning abstract 
material only through the concrete or th^ visual. It is also true U\at 
visual aids., so necessary in the early stages of acquiring abstract 
knowledge, are unneccessary later, after playing the role of temporary 
support. 
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But in what was said above an essential idea has been left ouf^^^-^ 
Both abstract -and #:oncrete thinlcing develop with age, A small child *s v. 
^oncrete thiftking Is developed to a v^y limited degre^^ So visual 
aids are notvonly necessary to^ facilitate devalop^nt of abstract think- 
ing, but also (to no less a degree) to form various aspects of c'fincrete / 
thinking. In connection with this, certain \^isual aids must be/eliminated 
and others iatroduced on a wide scale. 

We have given much attention to the v?sual principle because to a 
significant degree^ CTie success of a grade school teacher's work depends 
on a proper understanding of In concluding this sect^^on, all that 

remains to be said is that it would be more accurate to speak tiot of the 
"visual aids principle*' but of the principle of ' "interaction of speech 
and visual aids" as derived from the research of Zankov and his col^a- 
borators [72, .75].,. 

The material presented in this chapter testifies that at the basis 

of this principle is a definite law — the intimate interaction of concrete 

f 

and abstract thinking in the learning process* 

5 . ' Developing children's skills for independently- solving" problems 

To enable children to* solve problems without assistances is one of 
the most important aims^of primary education. In^ the primary grades, 
not only knowledge, but also skills necessary for any jfndependent activity, 
must be established. These are, the ability to gain insight into a prob-,;^;^ 
lem's meaning, the ability to analyze the problem^s conditions and /become 
aware of the question posed ^in it, the ability to break up a complex prob- 
lem into a number of particular quest/ions whose answers lead to the solu^ 
tion of the basic^ problem, and the ability to plan one*s work and check 
it while' solving^ the problem. 

One .condition cruciat f or^ f ormi-ng-t-hese-ek-iils-is— the-organi^tion 

of a purposeful system of suitable exercises in the teaching procedure. 
In this'^regard, it is very important for children to carry out the 
exercises not just under the direct guidance of the, teacher, but also 
totally unassisted • ' . 

The principal feature of a pupils' independent work is that he lacks 
the teacher's tutelage, which he has ^jeen acctistomed to for some time, and 
•he is left to face alone the task before him. In doing the assignment. 
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he should test his powers and, by resorting to his own kaowledge, abili- 
ties and skills, observation, iitiagination and sometimea<j^ven inventiveness, 
find ways of solving the problem and bringing it to a satisfactorjf con** 
clusioii. . ' 

In connection with this, Lt is ^serfectly natural for certain mistakes 
to atise in the course of problem solving, for one mistake to bring about 
another, and for an incorrect answer to be obtained as a result. Does this 
mean, then, that the teacher should help the pupil at the very first diffi- 
culty? When a real threat of ei;ror appears, should measures always be 
taken to protect him from the possibility of error? Should the teacher 
interfering with the pupil^s train of reason, remove any difficulty that 
.arises and direct^ his thoughts and actions along the proper channel? Is 
it not more useful to give him a chance to ascertain for himself the error 
in his solution, to attempt to find his own mistake and then correct It? 

One cay say with certainty that educationally, the latter course will be 

* ' ... 

more advisable whenever the pupil is sufficiently prepared for the appro- 
priate wqrk, ' ^ • 

The teacher should interfere only when the assignment to be done 
independently does not correspond to the pupil's level of preparation. 
Then, of course, the teacher should take measure to re3m)ve Certain diffi- 
culties (those beyond the child's pawers!), but in so doing he^is depriv--.; 
ing the child of genuine self reliance. The above does not reduce the 
value of the teacher's guidance the work. ^'That comprises this guidance, 
of what is it composed? 

First, the teacher thinks through the content of the assignments and 
the sequence in which they will be introduced, to ensure, on the one hand, 
the accessibility of every problem, and Q.n the other, a gradual increase 
in difficulty. Moreover, ^^l^ork that prepares the children for doing 
a certain assignment without assistance proceeds under ^the teacher's 
direction. The teacher takes care that the children have all the knowl^ 
edge, skills and habits necessary to complete the given assignment by 
themselves Finally, the teacher thinks out and determines the form and 
content of the directions accompanying a specific assignment and observes 
how every pupil's work is proceeding • 

At all these stages, one has to consider three phenomena. First is 
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the peculiarities of the study material upon which the assi^xuuents (which 
the children are to 40 independently) have been built. Second is the 
stock of knowledge the pupils in the class have had to master earlier. 
The third is the individual difference^ in preparation, the^Siaracteris- 
tic mental processes of each child. Thus the teacher *s guidance should 
embrace the most diverse facets of W\^rk at the preparatory sta^e* But the 
ultim^ite goal is to prepare the children' to do an assignment totally 
unassisted, without direct help from the teacher in the course of the work.. 

With this kind of teaching procedure, the pupils' independent appli- 
cation of knowledge takes on great meaning. We distinguish two kinds of 
application. The first kind takes place when the pupil is faced with the , 
task of learning new material (a concept or law). Here, by solving ^efir^, 
nite problems, he learns from his own experience what criteria enter into 
a concept an4.what features characterize the arithmetical rule being 
studied. (in presenting the problem of the principle of the activation 
of learning, we have already mentioned that if a student is passive, he 
cannot fully master the material.) In the case -described above, appli- 
cation of knowledge is subordinate to the task of acquiring knowledge, 
which is one of the most important means of learning. 

We are dealing with the' second kind of application of loioHledge 
when application occurs as an independent process. In this case the pupil 
uses the acquired knowledge to solve new school problems in different 
kinds of practical activity. Correct, organization of both forms of appli-- 
cation of knowledge plays a decisive role in building the pupils* ability 
to work independently and to think rationally. 

Application ensures one very significant point that positively in- 
fluences the result of instruction. It makes it possible for the teacher 
constantly* to check the child^s assimilation of the material- By/giving 
pupils exercises in which new material is introduced, one can ascertain 
how well they understand it, and later, by assigning problems to which 
this knowledge can be applied, one can check whether the child has formed 
the proper skills. Regularly receivinp, such "feedback'' from the pupil 
about hip knowledge and skills facilitates the subsequent construction of 
teaching procedure^ since it becomes clear to the teacher what material 
requires further explanation, what *ifiater,ial needs to be repeated, and 



what skills need more work. 
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The well known, ancient proverb says, "Repetition is the mother of 
learning." Now it is sometimes opposed by another, "Application is the 
mother of learning." The latter answers better the present tasks. of_^our 
school, but pne should keep in mind that application includes repetition. 

We do n(^t mean monotonous, unvaried repetition, but the kind that 
catls for an alteration in the knowledge itself as well as of the condi- 
tions for using it. . ' 

Independent study assignments requiring pupils to apply previously 
acquired knowledge differ both in degree of complexity for the children 
and In the nat'ure of the activity that t^kes place in carrying them out. 
Assignments based on the pupils^ imitation of the teacher, reproducing 
his actions and reasoning, are the simplest. This work is used in arith- 
metic lessons in the^lowser grades with a view to instilling the skills 
of writing figures correctly^ in the first days of school, by doing a 
series of practical assignments linked, for example, with constructing a 
paper meter, demonstrating fractions, forming measuring skills, and so 
on. The substance of this kind of work is that the teacher gives an 
eixample, accompanying his actions with the necessary explanations. The 
children are to follow carefully his demonstration and explanation and 
then reproduce them when the teacher tells them to. The goal of these 
tasks is, as a rule, the formation of certain practical skills*^ 

Somewhat more complex are assignments that require the children 
Independeritly to apply knowledge, skills, anrf- habits, previously ^quired 
under the teacher's direction, to conditions analogous to^those und^r 
.which they were formed. By this we mean so-called practice assignments, 
of great significance in arithmetic instruction. Let us consider as an 
example the study of tabulated ,aritlimetical operations (addition tables 
in first grade, multiplication tables in second grade). Since the chil- 
dren are supposed to. learn these tables by heart through^ studying them, 
teachers conduct numerous exercises in solving a large number of the 
same examples from a table. Such exercises are conducted both when the 
teacher works with the class as a whole, and as ^ independent work by the 
children in solving examples. The main idea is always the same: The 
chlld'ren solve , tli^ same example^, from the table which they had considered 
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previously when they were helped ^nd guii^d by the teacher. 

Hare the child *s operations are independent in the sense that through* 
out the assignment he is to maintain his concentration himself j^nd strain 
his memory without the teacher's stimulating influence. When doubts and 
difficulties arise » he should resort to known means of determining the 
result, recall the suitable reasoning, independently find the answer, and 
verify it. The teacher has specially Instructed the children in all these 
processes during the previous assignment, so that even here* we are dealing 
only with activit5^ that *'reproduces^' or ^'carries out," but this time this .. 
activity pro(|eeds at a much ^igher level than when doing assignments based 
on imitation. ' ^ 

Assignments tl^at require ^children independently to apply the knowl- 
edge, skills, and habits they acquired earlier with the teacher's guidance 
to cQnd^tions differing more or less from those under which they w^re 
formed, are the^^extj.. still higher level Assignments of this, kind differ 
fundamefxt^lly from those considered above. Depending on how much the 
conditions in wiiich the knowledge is used differ from the conditions under 
which it was learned, this kind of assignment will demand ' increasingly 
intense independent thought and initiative. Let us show with Individual 
examples how the degree of difficulty of these assignments can be increased. 

The simplest and most widely occurring case is when the teacher, after 
going over a new rule with the children; gives them examples of the rule to 
solve by themselves (the difference between this and the above is that then 
we were talking about* solving examples identical to those in the tables; 
here, about solving examples similar to those studied with the teacher, 
but not the same ones) . 

This is how fourth graders become acquainted vith the rule that says, 
"To find the unknown dividend, multiply the divisor by the quotient.*' 
This rule is explained in a number df examples which at first are' performed 
under the teacher ' s guidance . Then as independent work, the c^ldren are 
given examples to solve in which the letter k designates the; unknown 
dividend [50; Ex, 720]. Ti\e corresponding exercise given in the text 
embraces various cases: ^when the divisor is a two-digit number and the 
quotient has a single digit; when the divisor is a three-digit number and 
the quotient 'is a two-digit number; and so on. Such a selection of 



31 



exercises introduces a certain variety into the conciitioiis of applying 
the rxile. However, these variations do not belong to the elements of the 
assignment which are.-relevant in applying the particular rule. Indeed, 
in all of these examples the same assignment form is used, which indi- 
cates to the pupil exactly what rule should be followed in solving: He 
reads Problem No. 720, "Find the unknown dividend (x)." then he reads 
the example, "x : 32 * 8," recalls the proper rule, and acts fn strict 
accordance with it. u . V ^ 

^' k somewhat different picture is observed when, for example, the' 
children are told to invent an example of dividing by a two-^igit jauijtber 
SO that the quotient comes out 307, Here the change of conditions touches 
not only the problem's secondary but also its basic elements, affecting 
the choice of method in carrying it out* (The wording is general — instead 
of "Find the unknown dividend" we have '*Make up -an example of division," 
familiar- from working under the teacher's direHion* Instead of the 
customary problem form, we have "x • 64 =i= 281" etc*, determining the 
exact position of the unknown) . ' 

Here the pupil has to make .extra effort to give meaning to*" the prob- 
lem, to classify it under a- general rule, and to apply this rule to the 
new conditions* 

Such problems can be considered intermediate between drill assign- 
ments and creative ones — those which require the children to search for 
ways of solvj^g-by themselves. Creative work requires children to show 
self-reliance in stating a question and/or searching out ways of solving, 
to make the necessary observations independently, and to draw a concljj- 
sion independently. ^ ^ 

These are assignments related to ' supplementing, transforming, and 
independently constructing examples and problems according to the varied 
assignments of the teacher, or freely composing them, restricted by no 
conditions. These are also tasks directed a ts independent analysis and . 
'generalization of observed facts conducted in inferring a new rule. 
These are assignments that require children to search independently for . 
material (numerical material , subject material) to make*their own ^Yoh- 

lems . . , ' . 

'* Of particular Inlierest are assignments that require children to seek 
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Cut and select the most effective, ratioual methods of solving. Let us 
illustrate what has been said witha few cases from classroom practice. 

One of the fourth grades was told to solve the following example: 
3x2x7^2x5^5. The teacher told them in advance to find the 
quickest way to solve it. The pupils grouped the numbers in six different 
ways (fdV example, 5 x 5 - 25, 25 ^ 2 « 50, 50 x 2 « 3.00, 100 x 3 - 300, 
300 X 7 « 2100), but the teacher told them .there was a faster way. At 
l<ast, under the teacher ^s, direction, the children arrived at the most 
rational grouping, (2 ^ 2) x (5 x 5) » 100, 3 ^ 7 « 21, 21 loq « 2100. 

Thus, by solving examples, the children formed the habit of search- 
ing for the most rational ways of solving^ Such a habit should be culti- 
vated in children, with various material, systematicj^lly and according ^ 
to a plan, taking into consideration that it will not fotm bynitself . 
Moreover, we frequently observe the reverse tendency in young children 
who take ^'the line of least resistance,'* so to speak. Without pausing 
to think where conditions demand it, they givfe the first answer that ' 
comes into their head, choosing the way they are most accustomed to. * 

This comes out clearly in the following case: Fourth graders were 

given the following example with concrete numbers: "The dividend -is 1 

day, the divisor is 60 minutes. Find the quotient.^' It was found that 

all the pupils (but one)- in two parallel classes solved tjttis example 

inefficiently. They broke up the 1 day into hours, getting 24 hours, 

then^^ey broke up the 24 hours into minutes, getting 1440 minutes; then 

they divided this number by 60 minutes. The rational way ^of solving' the 

example, which only one student used, was the followinp He broke the 

day up into'ii>airs and converted the 60 minutes into hours, whigh allowed 

him to escape cumbersome calculations- He obtained the answer 24 quite 

simply by dividing 24 hours by 1 hour. This boy knew how to overcome 

the tendency to repeat the breaking-up operation and found the economical 

6 

way of employing two opposite operations. 

^Both illustrdtions stressing the importance of choosing rat;ional 
ways to solve "examples are taken^from an experiment by the Moscow 
methodologist , M. S". Nakhimova. 
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Arithmetic problems provide very valuable material for molding skill 
In^ihoosing the most effective methods. Particularly difficult, compli- 
cated problems do not always need to be used for this end. Even with 
simple problems one can, teach children to reflect on the problem^s condi- 
tion, analyze it, and thereby wean them from the harmful habit (very 
frequently -observed in primary schoolchildren) of considering' calculation 
the chief part of the problem and therefore hurrying to get a numerical 
answer. - / " ^ 

For example, a valuable exercise of this tjrpe is presented by the 
problem: , ' ■} 

There were 60 kilograms, of grapes ix^ two boxes. 16 
kilograms were transferred from one box 'tp the other, * • 

Then how many kilograms of grapea. were in both boxes? 

The purpose of this and similar problems is to train the pupils t'o refrain 
from a hurried numerical solution^ As the data of one investigation showed, 
a number of third and fourth graders handled this problem successfully • 
After ca*efully acquainting themselves with the condition, they answered 
without making^ any calculations, "It^s still 60 kilograms," "It doesn.'t 
change," By contrast, quite a few children followed the unreasonable 
course of making -«t2*Culations (60 16 « 44, 44 + 16 60), without eyen 
noticing that they got the same 60 l^ilo grams as the result* 

Thus, to cultivate children's creativity in the process of instruc- 
tion, and to form in them the habit of reflecting where circumstances 
require it, is' an objective without the realization of which it is impossi- 
ble to tea.^ children effective methods of working independently. Later 
it will be necessary to form, step b^step, the ability to study, watch- 
ing so that the pupils learn to organize their study activity correctly. 
It is very important to teach children to use their perception for the ^ 
task before them. For example, if a textbook gives a drawing or diagram 
having to do with a certain arithmetic problem, students should know 
how to use it as it is intended to be used and to see in it what can help 
t;hem solve the problems. In some cases, the intended use is to see an 
illustratitjn in the drawing explaining what objects are the subject of 
the problem. In others, the Intended use is to direct one's perception 
to another -goal, tliat of seeing or discovering in the diagram the basic 
.relations given in the problem's condition. Tlic chi] dren's approach to 
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^ these two typeb of drawings should be different^ In the former they ^ 
consider the illustration at the initial stag^ of acquaintanca with the 
problem's conditi6n and pay no more attention to It in the course of 
solving. In the latter^ however, they use it in solving. It is fully 
possible to devel'6'^ this ability to selectively perceive Illustrations 
in primary schoolcliildrenp In an experiment in a Moscow school (Ko# 115), 
this was accomplished in the third and fourth grades. The pupils in 
these grades, considering the various illustrations in the textbook deal*- 
ing with the problems, said, "This picture explains what a tractor is," 
or "This picture helps to solve the problem." In the first case they had 
recourse to the drawing only at the very beginni^ of acquaintance with 
the problem^ s condition, while in the secdnd, they studied it extensively 
^in the course of solving* ' ■ 

Similarly, pupils have to know how to organize their memory properly. 
The view has gained wide circulation that in primary schoolchildren, the 
mechanical memon^ predominates over logical., meaningful memory* That isV 
children memorize withput even trying to make any sense out of tl^e 
material, to establish a connection between the facts being described, 
or to distinguish what i^ most important. 

This view, as the work of many psychologists shows, is not quite 
correct. Such a predominance does, in fact, occur, but only under certain 
conditions, such as when a primary teacher neglects to work at helping the 
children form rational methods of remembering. But if this W)rk is ' con- • 
ducted, primary schoolchildren can be specially taught to use methods of 
making sense out of the memorized material. Jn particular, they can be 
taught to turn their attention to the textbook rules and definitions in 
bold- face type, to check themselves when they do their homework (this 
is very import>ant) , and to these ends, to reproduce or say to themselves 
(after reading it in the book) the rule o r def inition to be learned. 
Later they can be taught not' to limit themselves to examples cited in the 
\ book but to invent their own. 

In teaching children effective methods of thinking, it is not enough 
to give;'f:hem relatively new problems. It is important to bring home the 
basic rules of solving problems rationally • But that is a special prob- 
iem, and we shall consider it in the chapter on probl^em solving. 

3S 



6, Skill fortaation 

We have beea talking about the role of active, •creative thin k ing in 
arithmetic instruction. However, active thinkilig is possible only if a 
significant number of arithmetical operations can be performed fast 
enough and without expending thinking effort, thus freeing time for 
intensive mental work on new, more complex material. Therefore a very 
important cask in arithmetic teaching is the formation of "automatize^" 
skills. 

"Automatization" designate the transition from a^ conscious -to a^ 
mechanical petf ormance of an operation . Such a transition talces place 
in the formation of a great number of study skills — reading, writing, ^ 
calculating, and others. First they are carried out consciously, and 
'then mechanically, without the participation of the consciousness. 

In case of necessity, however, when an obstacle is encoimtered in 
an operation, the consciousness again comes to the rescue and the opera- 
tion is executed with its active participation. 

^ A most Important condition in forming adequate skills consists in 
ensuring sufficient awareness of them a.t^ the very beginning and only 
then bringing them into the category of automatized operations. Observ-. 
ance of this condition makes it possible for pupils to carry out many 
necessary study operations quickly and mechanically and at the same, time 
to implement them under the control of consciousness • Then the children 
can always (at the first request from some source, or if they themselves 
feel uncertain about the answer) go back to the level of consciously 
performed operation^. 

The source of substantial number of errors in schoolwork, partic-- 
ularly in calculation and computations, is premature automatization of 
operations. Pupils who have begun to perform calculations mechanically 
without sufficient awareness of them display utter helplessness, if they * 
make an error. For example, a first grader who had multiplied incorrectly 
from the table (3x4= 14) could not correct his mistake by himself, 
since he did not realize tliat muj^tiplica tion is the addition of equal 
addends. And when we gave him visual material (sticks, matches, and so 
on), he could not use it to perform multiplication. , 

How is the teacher to proceed in^hese cases? First, he raust not 
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Begrudge the time spent returning such a child to past stages"- ' instruc- 
'tion and re-establishing the whole chain of reasoning lying at tl^fe basi^ 
of performing the operation. To this end it is necessary to draw on 
visual material. . ^ • ^ 

The skills formed in the process of arithmetic instruction differ by 
degree of compTexity, Some of them represent a direct link (or association) 
between perception of the condition and the answer, such as the skill of 
multiplying from a table — after the pupil has perceived the condition^ 
such as "7. X 8," he immediately gives the answer 56. 

Ajiobiii^r category of skills is thei- chain of connections, In which case 
the answer can be obtained only tlirough a whole servies of intermediate 
links, in which every link entails the next one^ For example; in multi- 
plying 158 by 200, we perform an operation consisting of three sequential 
links: 1) discarding the zeroes » in the multiplier, 2) multiplying 158 by 
, 2, and 3)- attaching the two zeroes to the product. Some of these operations 

are carried out very quickly, sp the zeroes, can be discarded almost at the 
^ same time as. mul t^fplying 158 by 2. 

At the initial stage of instruction, a series of definite rules was 
^th^ basis for^ these operations, but when the skill of calculation has 
beeh elaborated, the pupil performs operations without recollecting the 
corresponding rules. These operations can thus be called .^'rule conforming" 
operations, < 

Study activity consists of a gre^^^umber of these "rule conforming'^ 
operations. Hei;e, the rules in accordanc^^^Vith which operations are 
completed are general. That is, they hold for a large number of distinct, 
concrete phenomena. This can be clearly seen in the example cited above 
discarding zeroes and then attaching them to the prod^ict is done for any 
numbers multiplied. / 

The opportunity to rely on a general rule in developing skills is a\ 
means of very great economy in schoolwork, particularly in fulfilling a 
computation task. The need to memorize a large number of particular cases 
disappears when one relies on a general rule. If, for example, a pupil 
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Tlie'il^ws governing formation of ^*rule conforming" operations are 
repealed, studied, and minutely described by Shevarev [60]. 
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has bj^come aware of the general rule that multiplying number^ by one does 
not change them, he can multiply any number by one quickly and correctly 
and avoid the necessity of memcteiziiig that 5x1*5, 6>cl'«6, and sO 
on. " . . * ' 

If the pupi-1 has become, awate ofthft- ga^eral rule for, .the formation • 
and naming of fractions, then, reag^lng by analogy, he can forta^^and ^ 



name any fraction quick3,yand correctly, even not one yet mentioned ia 
class. 

Not only the pupil's comprehension of the rules on which they are 
based, but also the system of exercises he carriers out, have significance 
for the successful exeqution of automatized operations ♦ 

Cases like the following are well known in school practice. Pupils 
learn the words to a rule adequately and can even adduce suitable examples 
but they make mistakes when they apply the rule. Frequently teacher^ 
explain errors of this type by saying, '-The child wasnit being careful." 
But why did lack of caution show up in this particular case? This in 
turn requires explanation. The reason for a mistake should be sought in 
the pupil *s pren^us work, and in the exercises he carried out. 

In every year of schooling, but especially in the first ajid second 
grade, we discover that in solving a series of examples, the children 
did not carry out the operation indicated *by the sign. For e x am p le, they 
added when they were >to subtract. From examining their previous work, 
it is easy to^notic^ that before solving the subtraction example, they 
had to solve several additioi^ exapples in succession. Thus the studonts 
continued to add the numbers as if from **Hnertia," without noticing that 
the operation sign had changed. 

♦ An analogous phenomenon can also be observed in -solving type-problems 
If a pupil has solved several *'sum and ratio^^ problems in a row, it mayf 
be observed that he tends to use tlie typ^e method of adding J^e parts even 
^or a non-type-problem if it contains a ratio. Apparently,' in solving 
examples of the same type, a peculiar ^^principle of economy of mental 
activity" begins to operate — the children do not note those aspects of 
the changing reality that remain uncliang^d, paying attention only to 
the features of it that change. The pupils stopped noting the operation 
sign because it had remained the same (addition) in a number of examples, 
but -they were always aware of the numbers since they had been different 
in every example. 
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However/ the "edoaomy , principle" applied tii these caiaes is f*alse. 
It is necessary to* pay ^atteation to t}\e operation sign every ^iSfe and to 
the structure of the mathematical task as a whole. The childr^ ro^sjt know 
, how 'to* switch (luickly from one operation to another, responding iOTuediately 
to the new signal. To form these skills, ekamples and problems requiring* 
different m&thods of operation must be alternated on a broader scale. After 
an addition ej^ajnple, give one in subtraction; after a type-problem with a 
ratio, assign a noil- type -problem with a ratio. 

The principle of variety or heater ogeneity of exercised is used in 
practice by our country's foremost teachers* As can beseen'from what 
has been said, it has extensive scientific substantiation. 

As we liave seen from the preceding exposition, varied exercises are 
necessary at all stages of instruction for various goals. In learning 
concepts and laws, they are necessary in Crder tj Separate the varying 
irrelevant features from tlie relevant ones, which are constant. In inde- 
pendent problem solving, they are necessary for forming thinking skills. 
Lastly, in carrying out automatized operations, they are necessary for' 
developing the child's capacity to switch from one operation to another 
easily, overcoming the Inertia of operations. ^ 

Also, a system of varied exercises In arithmetic instruction promotes 
growth in the activity of the child's personality. ^ 

7, The principle of full realization of children^ s cognitive possibilities 
for their age 

In the preceding exposition, in characterizing the conditions of 
effective teaching, we had in' mind primarily teaching methodology and 
touched' on the problem of course content only in passing, when we eluci- 
dated the ru^e of contrasting. We said that to increase the effectiveness 
of learning, the study of certain similar related themes (or problems) must 
be brought closer together in time so that the children will be assured of 
an opportunity to become aware of the similarities and differences in the 
^nat.erial being studied (and applied). In thi^ connection, it is pertiji^t 
to decide whether topics are correctly grouped by year of instruction 
and within t^tji^rogram for each grade, or whether the sequence of topics 
should be changed. 

But this is only one aspect of the complex problem of constructing a 
curriculum- . At present we cannot be limited to a single regrouping of 
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topics-^-the need -for a more radical change in the curricula has arisen, 

particularly in the arithmetic curriculum for the primary grades. Tl>is 

need has been brought about, above all, by the swift growth of science 

• * ■ 
and technology" and the necessity of including a number of new subjects 

in school* courses ,^ , Naturally,^ under these conditions the question arises 

Is it nat po^^^^e to rais'e the ley^l of the demands -on the children, 

offering them more* complex tijaterial, beginning with the first year of 

school? ' \ ' . ' • ' " ' " 

To answer this quesC'ion^ it was necessary to study the process by 
which children learn arithmetic under changed conditions that included 
more complex study material (compared ta existent programs). This was , 
done in a number of investigations, Zankov and his collaborators- taught 
primary schoolchildren experimentally and^ succeeded in getting through 
the existing curriculum (in all subjects, among them arithmetic) in three 
'years rather than four {74]. El'konin and Davydov [14] introduced ele- 
ments of algebra into the elementary mathematics course in the first year 
of school, and Skripchenko [64] did this in the third- and fourth-grade 
curricula. • - ^ 

All researchers who had tried* to teach elements of algebra in the 
primary grades have reached the conclusion that it is •fully within t^ie 
powers of primary schoolchildren. Therefore, existing programs are 
underestimating- the cognitive possibilities of primary schoolchildren 
and are not using these possibilities fully. 

But the legitimate question arises: Should the sole guide in 
constructing curricula be what children can learn? Children can be 
taught a great deal, we know, but, it may be asked, what do they need to ^ 
study? In deciding course content, we must be guided above all by the 
goals facing our schools, we must take into consideration- the present 
status of science and the system of constructing an academic- subject ' 
at every grade. Only 'in the light of what yshoul d be mastered should we 
consider the question of what can be^ mastered. 

Thus, full utilization of childrcn*s cognitive posslbili-tle-s masr be 
realized in respect to the other demands, both educational an(^ scientific 
upon course content. The authors of this book have tried to proceed from 
the entire sum of desiderata in working out the foundations of|an 
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experimental curriculum for the elementary mathematics course* 



^The principles on which the curriculum is constructed are set forth 
^ in an article by Menchinskaya and Moro [40], 
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chapter ii ^ 
''the introduction of numbers^ counting, 

and the arithmeticjy. operations y ^ 

Formation of the concept of number and, of the arithmetical opera- 
tions is a difficult and crucial task Bf arithmetic instruction. The 
history of the development of methodology testifies that the ipproach to 
revealing these concepts largely determines the direction of all subse- 
quent arithmetic in^itruction. 

What is the best way to lead children, to an awareness of number 
remains debatable even today. In this regard, it is ins true t^e to 
analyse how, - in the history of the development of human culture, the very 
concept of number origiitated and developed, how 16 was continually enriched 
with new content, and what significance this cencept has at. the present 
level of development of mathematics. We by no means share the opinion 
that the modern child should necessarily take the' road traveled by pre- 
ceding generations in mastering the number concept and becoming acquainted 
* ■ 

with counting and the arithmetical operations. However, we do believe it 

I* 

important to Imagine/^he situations and- the practical problems for which 
people first needed numbers, and a broadening of the original concept of^ 
number, in the course of apprehending the quantitative aspect of their 
environment • 

Such Analysis is still especially important because fundamental 
discrepancies in the elaboration of a methodological system aimed at 
forming a concept of number are explainable, we feel, by the particular 
fact that their authors, in concentrating on some one function of num- 
bers, one aspect of the concept, wrongly push other * aspects of it into 
,the background and sometimea completely overlook it. 

We do not intend here to give a detailed historical essay of the 
development of the concept of numbers. (For this question, the reader 
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can refer to [15]). We shall recall only the basic f;mctions in which 
iHumbers appeared in, man's practical activity, and the basic approaches 
to a theoretical interpretation of this -eoncept that have been made in 
the devel^opment of matheinatlcs,- 

1. The origin and development of numbers , counting , ai^d the 
arithmetical operations 

In his practical activity, man must constantly deal with the most 
diverse quantities of objects (the quanti«ty of birds or beasts- killed 'in 
the hunt, the quantity of fish caught, the quantity of animals tamed, 
and, ,jtjie like) , The- problems of stocktaking, sharing, and barter that 
came up in practice demanded more and more accurate means of numerical 
analysis of these quantities of objects so that they could be compared. 

When two groups of objects at hand at a given moment had to be 
compared, it was enough to use the method of cpj-relating their elements 
by pairs (the method that in subsequenr mathematici? received the denom- 
ination "establishment of one-to-one correspondence between quantities^*) . 
This method, of comparing groups of objects might have been good enough 
if barter had always been' conducted under silch conditions. In practice, 
of course, this is far from the case. Wiiat if a fish caught .today is^ to 
be exchanged for some birds the hunter has not yet obtained but will in 
the future? The new problem gives birth to a new method. Fro^ direct 
correlation of objects to be traded, man goes to indirect comparison of 
two quantities of objects. To this end any third quantity may be used 
which can 'replace one of the quantities being compared in fhe given 
situation. 

The most successful of these quantities turned out to be the fingers 
and toes. So, juxtaposing one at a time the objects being transferred 
*^in advance*' and, say, the fingers of the hand, people begah to use the , 
concept of '^hand'* as a description of the number of traded objects. For 
a "hand** of fish I should get a **hand'* of birds later. Thus, a man not 
yet proficient in counting and numbers, In the proper sense of the words, 
could reason in making, a "trade . \ 

All right, but what if the number of bartered obj^ts does not corres 
pond po the number of fingers on a hand- — what if it exceeds the number of 
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fingers and toes? A better method is devised* For example, as many 
scratches are made on* a stHck as fish traded to a hunte^. Later ^ on 
receipt of the bird traded for a flsTi^ the fisherman crosses out as many 
'scratches as birds he -has. received in payment, until all th& scratches 
are crossed out. 

As social relationships developed, more and more words appeared in 
man^s speech denoting some qtiantity— *-along with natural groups serving 
ad a description of quantities ("how many wings a bird has," '^how many 
fingers on the hand," etc.), certain conventional units appeared. 

The ever-growing n^is of practice could not always be satisfied 
by this method of describing a quantity ij.:?;, Another step forward had to 
be taken which would make it possible to de$.cribe any quantity — to fill 
in the gaps between separate word numbei;^. It required perhaps many 
centuries to make this step, but it was finally <:aken. The" greatest 
o^chievement of human, reason was subsequently to systematize the large 
number of word numbers — to establish a sequence such thatJfevery next 
word would designate the number of objects in a group containing t>ne 
'more object thkn its predecessor. , The series of word mjmbers ordered 
in this way became the universal standard quantity by means of which it 
became po.ssible to compare any size aggregate of objects in conditions ' 
under which the use of /previously known methods would be 'labor ious*. 

What did each word in this sequence mean? The word "five," for 
example, acted as a substitute for "hand." It reflected the property 
of a series of object groups (regardless of what objects composed the^i) 
that all el^ents of these groups could be put J^to one-^to-one corres- 
pondence with the fingers of the hand. The word* "two" reflected what 
is common to all pairs (be it a pair of eyes, a pair of horses, or a, 
pair of mittens). Along with this meaning, however, every word number - 
also gained a new, hitherto unknown meaning — each word number allowed 
one, when counting, to judge the place at which a cettain object would 
be. This dual meaning of a number found reflection in man's speech — 
along with cardinal numbers (one, two,....), there appeared ordinal imm- 
bers (first, second, ...)• ^ 

In this way, the ordering of a great quantity of numbers, in 
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addition to the advantages it provided in determining the^ capacity (num- 
ber) of quantities of objects, led to a broader use of number^ and counts 
ing. The use of a number to^ iudicate an ordinal numeral acquired -.great t 
significance not only in itself, but also greatly simplified the counting 
of objects ill a grqjip fori^^d from two given groups (when the number in 
each group is known) and determinfng the number in a gro,up obtained by 
removing a portion from the known group^» O 

. ^ Thus before, to determine the number in^a^large group "left after 
'Removing one or two objects, '<5ne had to count all the remaining^ objects . 
Now it became possible to reason like this: "I had eight sheep, one I 
slaughtered (the eighth), the last one * in the count will be the seventh, 
and seven sheep were left in alU^ Similarly, insteaid of recounting from 
one, it became possible to add anotfeer quantity to the given quantity, 
thus joining th^. Only beginning at this point can one talk about the 
origip of the first arithmetical operations, addition and subtraction, 
since here, for the first time, numbers appeared in a fbrm abstracted 
from concrete objects, and the operations were done with numbers rather 
than objects •"^ This made possible the examination of numbers as such. - 

Plan's cognition of the nature of numbers in the operations of arith- • 
metic required tens of centuries and still has not been perfected* Mov-- 
, ing from one relative truth to another, the science of numbers, their 
*'^ropertie6 and operations using them — arithmetic — gradually exposed 
various aspects of these con&epts by exajjij-ning different applications 
of them in practice • 

Thus the various scientific ways of treating numbets, counting, and 
the arithmetical operations w^fe born. Let us consider scientific 
theories i;eflecting the two basic functions that numbers perform in prac-* 
tice.' The first is *'set theory," elaborated by one of the greatest sclen- 
tists of the late 19ith-early 20th century, George Cantor, 

Definition of number on the basis of this theory is linked t9 the 
concept of equivalence of ^u'antities or sets."^ The concept of a set is 



1 

The terms podobie (similarity), ravnomoshchnost * (equivalence), and 
and ekvlvalentnos t ^ (equivalence of sets) are sometimes used on a level 
with the term ravnosil 'nost ^ (equivalence) . ■ , • 

Let UB recall that'':e^,^iyalent (similar) quantities are ' those between 
whose fcilements a one-toj:^ne correspondence can be established, i.e., a 
correspondence in which' every element of the first set can be assigned to 
a corresponding element of the other, so that distinct elements of the 
^irst will correspond to distinct elements of the second, and vice versa. 
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not defined; it is'i^sed as^ a point of departure. No laatter how the 
definitions of jiumber originating from set theory differ in detail, the 
main feature is always the same: A natural number means what is common 
to all. equivalent sets; a natural number is'k description of the capacity 
(or number^ of a set. y « \; 

The ^arithmetical operations of addition or subtraction are def in^ 
in Cantor's theory as the operations of combining s^tsor removing part 
of avgiven set* Thus, we see that in this th^ry number is considered -as 
primarily a description of quantity, and the development o£ the idea of 
number, in Cantoris theory, reflects the historical path of the origin 
and development^ of numbers in human practice* That is why Cantoris theory 
is sometimes called the "genetic" or "cardinal niimber^' theory. 

Starting with the work of the Italian mathematician Peano, who 
attempted an axiomatic construction of arithmetic, still another approach 
to disclosing the concept ^of number and of tlie arithmetical operations . 
has begun increasingly to penetrate the science of tiumbers.^ In thife 
tlieory, a number was considered a conditional symbol conforming to the 
system of axioms (assumptions without proof and supportiea by human prac- 
tice). Essentially, the properties of the set of natural numbers are 
formulated in- the axioms. The comparison of numbers and. the operations 
of addition and subtraction ar6 inseparably linked witH. th# properties 

of this set. • , * . , , 

Let us give examples to show how the relative si^a of numbers is 
determined according to each of these theories. In set theory, to compare 
two nuB^ers on^must resort to a one-to-one correlation of sets of objects 
corresponding to the numbers. The nupiber corresponding to the set of 
greater capacity j^the ofte in which, ''extra'* elements remain after pairing 
^off its elements with elements of the other set) will be considered 
larger. However, to compare. two number^ on the basis of the properties 
of the natural numbers (Peano 's theory),^ it^is anly nece^ssary ' to know % 
which of these numbers comes"* earlier in the series. The smaller j.s the 

^ ^Thus, in Androuov's textbook for^. departments of elementary school 
teacher-trainir;^ institutes and colleges -[2], this definition is giVen: 
"llie generalt^^ thing that completely characterizes each of ^ 

certain class of quantities is called a natural number** (all equivalent 
quantities, form a ''claf5s of • quantl ties") . 
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one which comas earlier, the larger comes later ♦ . 

For example, the smn of two numbers and b^, according to thei^'axlom 
theory, will be a number c_, located in the bth place after in the 
natural number series. In contrast to set theory, which, as we mentioned' 
above, is sometimes called -the theory of cardinal numbers, the axiom 

'theory is called the theory of ordinal numbers. We see that the latter 
theory deaj-s exclusively with abstract numbers and operations with them 
aa. such, without relying cm actual operations with quantities- of objects. , 
The axiom theory is a ^higher degree in n^n's cognition of numbers and 
arithmetical operations* It is considered more logically rigotous. 

Both theories which we have considered show the dtial na'ture of 
numbers and reflect the basic functions they fulfill in practice. These 
aspects of numbers are inseparably linked,, since every word number named 
in counting .can at the same time be regarded as the ordinal 'number of the . 
last object enumerated and as the quantitative (carc^inal) description of 
the group counted* ■ , ^ * 

.....Everything, said above has referred to the use of numbers for quantl- 

- tative analysis of discrete quantities (quantities composed ofi^separate 
objects). However, m^n constantly encounters continuous quantities 
(extension, weight, area, and the like), in his practical activity. A 
quantitative evaluation of them is no ^^ej^important than counting ' ^' 
objects. This task is performed in practice througfi^the invention of 
methods *of measurement's 

As is kfi5wn, the CDmparison of two homogeneous quantities, one of 
which f ul|^ij^/ the function of a ''measure," comprises the basis of measure- 
rnenr* Byt measurement is inseparably linked to numbers and counting, (For 
example, in unrolling five meters of material, a clerk measures one piece 
of mater-i^l after another on^ ammeter st^^ck, counting up to five.) The 
number obtained in measuring can be (ipqsidered the'resul,t of counting. 
By the very nature of the matter^ T\bjsrever, it acts in a new capacity 

N 3 

' here, expressing the ratio pf one quantity tcr another. The operations 



Tills new capacity in which numbers appear here leads to an extension 
^of the number concept, since in many measurements it is impressible to 
express the ratio of two quantities by a natural number.. Wlien one succeeds 
in finding a common measure, by mekns of which both ^quantities can be 
measured in whole numbers, their, ratio is expressed in the usual fraction 
form. If, howevet, the quantities being compared are incommensurable, 
the search for their ratio leads to the appearance of irrational numbers. 
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of counting and measuring differ quite substantially, ami the meaning of 

the numbers obtained as a result of these operations l3^:^umlamentally 

different, though they remain indlssolubly.rponnected (as we observed in 

the comparison of cardix)^! and ordinal ntnnbers) • 

N^'. It is useful to dwell on yet another function of nuinber, which it 

acquired in the course of the dfeveiopment of abstract mathematical\ theory . 

*' • ♦ ■ ' 

We have in mind a number which functioiis as an ''operator/' Let us .show 

'S. '■ ■ ' ' ' : 

by ejtamples in what cases a number has the value of an operator. The 

'multiplier shows how mafty times the multiplicand should be repeated as - 
an addend, i.e., what arithmetical operations should be performed on ^ 
this number. Analogously, in the expression a__ the number b^ will serve 
to. indicate how many times the number a should be used as a factor. Thus 
in these and similar instance^, numbers act in a new capacity. S.till 
another area for applying them is opened up. 

Slmp^fying the problem,*^we can say that in pra,ctice, cardinal num- 

. bers indicate how many separate objects are a group; ordinal numbers 
indicate in which place a given objedt fal^s when counting;' numbers 

^ obtained as a result of measurement indicate how many times a certain 
quantity is containea in another; numbers in an "operator*' role indicate 
which, arithmetical operations should be performed, with another number. 
It is fundamental to methodology that every one of these as^fcts of num-- 
bers can be shown in terms of any other. 

^Thus we see ihat "number" is a multifaceted. phenomenon; consideration 
'of only one of fts facets would lead inexorably - to unj«§t|^.f led restriction 
cjf this concept and would limit the possibilities for applying it in 
practicfe. The jpiask of^ arithmetic instruction consists, in this respect, " 
in niaking children aware, in the most economical and rational way, of 
number as unite^ in all i'ts aspects, to acquaint t^hem with all of its most 

'important functj-ons," and to teach them to use numbers, counting, measure- 

' ment, and the arithmetical operations skillfully; in solving various -prac- 
tical problems. Let u§ see how this task was solved and is being solved 

, through the methods of teaching- p^pimary-grade arithmetic. 

2 . Basic tren ds in the methods of introducing numbers , and 
the arithme tical operations 

' Progressive educators and methodologists have always striven to pre- 
pare mathematical theory so that the information being commtinicated will 

JC ' 



be within the children's power to learn consciously and durably and yet 
will retain its s^ienti^ quality. In this reg^d, difficulties observed 
in children studying mathematics have 'been explained, mainly, by \the 
unusual abstractness of the concepts being formed, on the one l^and, and 
by the concreteness, the visual quality, and the pictorial nature of 
children' s thought, on t;he* other hand . The only possible, way to over- 
come this contradition between the demands made on the children by the 
material itself and their mental capacities seemed to be max^^mal use of 
visual aids^,^nd a strictly graduated ^transition from the concrete to the 
abstract in the teacliing procedure. 

, From the time of Pest-alozzi (rigjit^y considered the father of arith- 
metic teac^ng methoddlogy) up to tlie present, these principles' havfe 
determined the approach to forming ghildreh^s concepts of numbers, count- 
ing, and the operations of arithmetic, tt. is obvious that with such an 
approach, there could be no possibility of cons tjfuc ting a school 'course 
in aritfimetic according to the axiomatic scheme, /The opinion of Professor 
Felix Klein, famc^s ^s the head of the reform movement directed toward 
introducing,* into \the sofidol, instruction that meets the contemporary 
•level of Che develbpmexii^ It science, is typical in t^ts regard. He ^ 
ites : ' • • • 

The child will nevfer understand if we introduce numbers 
axlomatically, as objects Tiaving no coritent and upon which we 
operate according to forTT\4;l rules established by our own 
agreements. . On the contr^^ry,* he unites real images with 
numbers; to him they ar^ nothing ^other 'than quantities of 
apples, nuts, and similar good things; onl|r in thife form can 
these concepts be transmitted in 'primary teaching, only in this 
form will they actualiy be transmitted t:^?^the children [29]. v 



This is why Cantor/s set theory, which opens up the widest possi- • 
bilities for the. use of visual aids/ shotil(t be the theoretical basis of ^ 
the ij^itroduction of numbers. Prac/ical operatibiis with specific object 
groups should be the basis upon whiich the concept of abstract numbersi and 
the ari.thmetical operations, are formed, . 

All basic methods sygtems, as a rule, originated from such a genetic 
approach in arithmetic instruction^ However, the sequence and inter- 
relation in which numbers, and arithmetical operationg. ^ould be studied 
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were decided^ differently ia these systems, aad as a result, basic arith- 
metical concepts Were revealed dif fei^tly in them* All the same, with-*- 
out fifing into detail, let us examine from tills viewpoint, the be$t-known 
methods systems in arithmetic instruction, which have been designated as 
the "number study method" and the "operation study method." 

As the name indicates, the study of n\uabei;s was the basis of instruc- 
tion according to the first of t^ese methods* Comprehensively considering 
each liumber separately with €ne pupils, the teacher had to bring them to 
perceive clearly hpw a number is composed of addends and factors in all 
possible combinations • * They came to know the operations of arithmetic 
on the ba^iis of a sound knowledge of the structure^ of nimbers. The 

consequence was the ability to perform the appropriate computations • 

"> . ^ . 

Children taught by this method succeeded in receiving a clear idea 
of number structure only through numerous exercises in which they had 
to consider grotlps of sticks, circles, and the like, corresponding to 
the number being sti^died^^ The arrangement of these sticks, points, and 
circles was to help children "notice" ^the composition of the number "at 
first glance," on the basis of direot perception^. 

The idea of forming a "group image" in the children corresponding 

to each number became especially popular after the teaching experiments 

of Laie, on the' ba^is of which ,they were given a system of square number 

figures, vhich quite graphically illustr^ed the structure of each number 

4 ' 

and its link with all those preceding It. 

Tt\e method- of , studying numbers proposed by Grube, a German educator 
of the last century (a follower of Pestalozzi), was brought to Russia ^ 
through the labors of the famous Russian educator and methodologist 

Evtushevskii* Evtushevskii perfected Grube ^s system and prepared arlth- 

^ . ■■ 

metic textbooks, good for their time, that facilitated the introduction 
of this method of number study into the I^ssian primary school - 

The main flaw.of this system, which later forced progressive Russian 
-educators to speak out against it, was that children received an extremely 



' 4 

Laie^s number figures are used in studying the first ten numbers in 
our schools, but only as supplementary visual material, along with various 
other kinds of apparatus. 

'■ ^ 
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one-sided mathematical development. As a matter of fact, under this 
system, children acquired a large fund' of ideas, thanks to which all 
•the arithmetical operations were reduced, in the last analysis, to the 
mental resolutsicm^of a number into its addends and factors • The arith- 
metical operations themselves, as mental operations with abstract num- 
bers '^ased on a knowledge of the properties of the natural numbers 
and the principles of^ the structure of the decimal system, receded to 
second^^lace here. The number concept that was formed in the pupils- 
became limited. Chiefly, it reflected number in its function of describ- 
ing a quantity. However, an understanding of the laws governing the ^ 
structure of the natural series, of oralfSind written numeration, of the 
operations of arithmetic, andlef basic calculation methods was neglected. 

The method of studying numbers did not provide adequate presentation ' 
of the .implications of the properties of the natural series for describ- 
ing each number and for methods of carrying out the arithmetical opera- 
tions. It artifically impeded the children's acquaintance with basic 
principles of the decimal si^s tern', which allow kjiowledge of number proper- 
ties and the arithmetical operations (a knowledge whiclj is acquired in a 
smaller province of ^numbers), to be transferred to numbers of greater 
size. For example, the addition of 3 and 36 wa^ considered only in study- 
ing the number 39, and it was assumed that the children could not make 
the appropriate calculations by themselves until they had studied this > 
number, even though , they had already considered 6 + 3, 16 + 3 , 26 + 3, 

' and others. , - , 

The school artifically held back the development' pf children's abstract 
thought," since tha logic of mathematics was moved i^ito the background, in 
comparison with the formulation of visual "nume^^ical ideas."' So . it was ■ 
no accident that the struggle against the monographic study df jlumbars 1^ . 
to the replacement of > this teaching method by an essentially nei method, 
. emphasizing just this aspect of aritlimetical knowledge— the method of 
studying the operations. 

The transition to the operation study method was, undoubtedly, a 
progressive phenomenon. Teaching based upon it significantly advanced 
the pupils' level of theoretical preparation for further study of mathe- 
matics. However, the rush to base all instruction on children's early 
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iinderst^xuiing of the properties of the natural numbers led to the other 
extreme. Without a suf flfciefi^stock o£. life impressions, the children 
learned formally the knowledge communicated' to tham. But the abstract 
tnathematical laws which were to guide them in carrying out certain opexra- 
tions with numbers sometimes lacked real meaning for them; they lacked 
a solid foundation of sensory perceptions. 

Less and less attention was given to acquainting the children with 
the composition of numbers.. The ±deh was that knowledge of the composi- 
tion of numbers, in this system, had to come of itself from numerous 
calculations made by the children on the basis of their knowledge of the 
properties of the natural numbers and the law^ of the arithmetical opera- 
tions* So, in adding within the first ten numbers, children were obliged, 
for exampfe, in finding the sum of five and three, to use the technique 
which they had learnec^ of rearranging addends and /then to use the method 
of adding units or groups. The appropriate chain of reasoning was 
supposed to look like this: *^To *add 5 and 3 is the same as adding 3 and 5; 
3 consists of 1 and 2; first I add 1 and 5 and get 6; I add 2 and 6 and 
get 8. Then, 3 4-5 = 8.". By performing such calculations many' times, the 
child was finally to remember that 3 H- 5 = 8. If he wanted to check him- 
self when he met this example again, he had to perform it again, relying 
on his well-entrenched knowledge of the natural numbers and the methods 
of calculation that were described. 

A child who had been taught by the nCimber study method would have 
answered the question immediately, without repf^oning ^it out, based simply 
upon his clear idea of corresponding groups of objects (if only the fin-s 
gers) • The second way in this particular case (which uses small numbers) 
is simpler and easier for children to grasp: it ds more rational. But 
the picture changes when the operations are to be performed with large 
numbers, KnC)win?^ tiie basic methods of calculation allows the child to 
find the answer through reasoning* The method reduces a more difficult 
case to an easier one which he has studied adequately earlier. If he 
is not proficient witii tiliege methods, he has only his memory to rely upon — 
if it. fails him, He must resOrt to visual material, without which he may 
be helpless. 
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Thus, instruction by operation study armed the pupils with a more 
nearly perfect means of solving by giving them ^general rules which they 
^ould apply on their own to any specific case. However, it sometii^es 
caused extra difficulty for them, especially at first, since it did not 
take into proper account the child's peculiarities of thinking. Further- 
more, with this teaching method, the idea of ordinal numbers moved into 
the foreground, and considerably less attention was given to showing 
numbers as- a description of quantity* v 

On the whole, it can be said that the operation study metjtiod—brought 

forward' to counterbalance the number study method, which gave a limited 

notion of numbers and the arithmetical operations — was itself Somewhat 

limited. In both systems, regarding a number as the ratio of tvXo quant i- 

r \ 
ties and acquaint^-ng the children, with the operator function of a number 

were not special tasks. Numbers as ratios were coij^idered mainly M.^ 
connection^ with th^ study of fractions; numbers as aperators were uWd 
in practice in ,the transition to multiplication, but their new function 
here was not brought home to the children* ' \ 

The contemporary methodology of forming** the concepts of number, count- 
ing, and the arithmetical operations is based on the general principles 
elaborated by the- partisans of the operation study method. At the 
present stage of methodology, however, certain correJitives have been 
included in this method which aim at eliminating the shortcomings that 
have been noted. *^ , 

3. The method s curren tly used , in our cpuntty to introduce numbers 
and the arithmetical operations * 

Nowadays, when the cultural level of the populace of. our country 

ft 

is rising from year to year and the network of preschool institutions is- 
constantly expanding, cihildren first meet numbers, countings and 'the 
arithmetical operations long before systematic instruction begins in 
school* Unfortunately; until now almost no work has been done on methods 
of elementary instruction of children at home (before the child starts 
school), although methods* of teaching, the fundamentals of arithmetic in 
kindergarten have seen quite a bit of attention in our educational litera- 
ture. The system by which kindergarten curricula have been constructed 
is pres^ted in full in Leushina's book, in its second printing, which 

54 



67 



every prliaary schoolteacher Vould find very useful [35] • The system 
elaborated by Leushina is a combination of the number study method and 
the operation 'fetudy method. 

In accordance with the curriculum and methodology, children in 
kindergarten , arithmetic p class continually deal with quantities of objects. ♦ 
^ From percai'^ing groups of several objects as a whol^ they gradually move 
on to resolve the quantity into its individual elements. They are 
taught how to correlate the elements of two groups of objects by pairs and 
how to compare size of the groups on this basis (establishing the equali-. 
ty or inequality of the groups being compared, and determining which of 
them contains more objects). 

But along with this kind of exercise, the children are taught how 

to count objects. Having mastered the operation of countings they use 
« 

it in practical e^cercises to compare two groups of objects. Instead of / 
correlating their elements one-tO'-one, they enumerate the elements of 
each group. On this basis a link is later established between adjacent 
numbers in a series. Thus the foundation is laid for studying the propei^ . 
ties of the natural number series. ,The ordinal number is considered along 
with the cardinal number.. 

Even in 'kindergarten, the children get acquainted with different 
methods of calculation. In -this connection, the study of an addition 
table is broken down into the three stages of cpnsideration of the cases 
1) in which, the Sum does not exceed five, 2) in which a smaller number is 
added tp a larger, and 3) in which a larger number is added to a smaller. 

During the first stage, children learn the appropriate cases from 

the table **on the basis of the atudy of number com^sition, Leushina 

says in her book. That is, the children learn primarily on the basis of 

concepts that have been synthesized as a result of numerous practical 

exercises in breaking down a given object group into two parts. However, 

» 

the second stage of work assumes that the method of adding, the second 
addenci to the first by units-fias already been used. The third stage 
(adding a larger number to a smaller) conceras schoolwork, in which the 
corresponding calculations are performed by rearranging the addends. 
Thus we see that the preliminary work done in kindergarten as 
f preparation for regular arlthinetic work in school envisages all around 
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knowledge of numbers • The children get to know numbers as a description 
of the size of gr^ps of objects. They, learn how to use numbers and 
counting to deten^ne the relative size of groups of objects. In counting, 
they become- familikr not only with cardinal numbers but also with ordi- 
nal numbers. Having learned the natural number sequence, they investigate 
how it is constructed (they ascertain that every next number is the result 
of .acTtTing 1 to the previous number).. All of this leads them in earnest 
to a conscious use of the properties of the natural series in calculating, 
and to actual performance of arithmetical operations with abstract num- * 
bers. At the same time, during this preliminary, preparatory work, ser- 
^ ious attention is given to having the children accumulate a large stock 
of concepts which help them to analyze how the numbers being studied are 
' . composed ^f addends. We see that the method of introducing numbers, 
- • counting, and the aritlimetical operations here described combines . features 
of both-,the number ^tudy method and the operation study method. 

The same principles are the basis of the methodology of introducing 
numbers,' counting, and arithmetical operations which is used in the first 
grade of our general edtic^tion schools, a methodology which we shall now 
consider. Quite clear3!<fek 4,f children received the kind of preparation 
^ * in yayithmetic envisioned the kij^dergarten curriculum, the work done in 
regular scliool could be planned as a natural continuation and develop- 
• ment of preschool instruction. But mass'^inspec tion of the preparation of 
children entering first grade,^ performed repeatedly by the Academy off 
Pedagogical Sciences, has shown that cliildren differ greatly from one 
another in this respect [9, 44, 55]. 
, ^ The general conclusion of careful study of the characteristic fea- ; ; 
tyres of the knowledge, skills and habits, of s^^ven-^year-olds when they 
. enter school is that, despite a rather large fund of such knowledge, it 

Si 

is still inadequate. It needs rdplenishing , strengthening, and systema- 
tizing. All of this work to be effected in a class whose pupils differ 
sharply in arithmetic preparation. Tliis is one of the greatest diffi- 
culties any teacher inevitably , encounters from the first days of classes, 
assuming that he intends to continue developing the arithmet|lcal concepts 
the child formed before entering school. 
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Tlie current methodology solves the problem the following way. Be- 
fore initiating systematic study pf the arithmetical operations '(addition 

I*- 

and subtraction) up to ten, from which one could begin if all the children 
had the preparation specified by the kindergarten curriculum, one must 

0 

conduct intensive ,.preparatory work, directed at more precisely defining, 
replenishing, and systematizing the !:nowledge that the children have 
previously accumulated. Tliis work, which is often repetitive for chil- 
^jen who come from kindergarten well prepared, envisages a more exact* 
definition of 'basic ideas and the like, numerous exer<^^ises in counting 
objects, and the formation of the concept of ''so many" (based on count- 
ing). Thereafter, the childreij proceed to study the first ten numbers 
. in order. Usually two lessons are allotted for cacli number, and they ar,e 
conducted, as a rule, in a specified manner. .In the first lesson th^.. . 
children learn how to form' a new\v^t>er by joining one to the previous 
number (by means of corresponding object groups and practical operations 
with i-hem) • They then study, how to form a group of objects correspond- 
ing to the new number, and practice counting up to the number being 
studied ('in both directions, using concrete visual aids and square number 
figures). Once familiar with the characteristic features of the printed 
and written numeral corresponding to the number being considered, the 
children do exercises in correi^ating the#numeral with the quantity and 
vice vers4, as well as exercises which require them to kngw the place ^ . 
of the numbers studied in the series (naming the number's "neighbors'^ 
in the series, naming the one following the given number or the one 
preceding it, remembering a gap in the series, and the like). The lesson 
as a rule ends with the children writing the numerals in their notebooks. 

Tlie focu^ of the second lesson in studying a number shifts to an 
analysis of how it is composed of addends. Every possible combination of 
twb numbers adding up* to the given number is considered tlirough actually 
dividing a group of objejcts into parts, and by working according to illus- 
trations in the textbook and number tables. Along with object demonstra- 
tions, square number figures are used in studying the composition of 
numbers. ^ 

As they arc studying nunibers, t^he children are meeting their first 
"arithmetic problems and examples*. - At thi^ level/of instruction, they 




solve only such problems and exa^^es which require a unit to be add<?d to 
a given number or taken away from it, and they determine the result on the 
basis of practical o^perations — joining one object to a given group of 
objects, or removing one object from a group. 

After all ten numbers are examined this way, one after another, the 
teacher proceeds to introduce addition and subtraction up to ten. The 
method proposed by the textbobk is that, from this moment on, children 
should not perform addition and subtraction by counting, but rather by 
adding on (and taking away) units and then groups (twos, threes)/ The 
order in ytrtth all cases are considered is: "Add and take away one," 
"Add and take away two," "Add^ and take away 'three," and so on. .After 
adding four, children are visually introduced to the commutative property 
of addition, and use it later in adding a larger number to a smallef . 
Learning all the cases in the addition and subtraction tables by heart 
should be the result of numerous exercises in adding and "subtracting by 
units and groups. 

^ This methodological system of working i^n the first ten numbers has 
gained wide popularity in our schools^ especially since it was made' the 
basis, of the standard first-grade arithmetic text* However, a number of 
criticisms were leveled at it in the works of Soviet methodologists • 
These remarks usually dealt with the order of introducing the children 
t^ individual questions of this tdpic, and ended with a specification of 
the content of work at separate stages of studying the topic [1, 10, 57]. 

In certain methodological investigations, it has been noted that in 
actual school teaching, Insufficient attention is given to creating in 
children the sensory foundations necessary for forming the concept of 
abstract numbers, for comparing numbers, and for studying the properties 
of the natural 'numbers, and that in this connection some knowledge, of 
arithmetic in children is formal from the very start. 

Let; us demonstrate with some examples. To explain the concepts of 
•'^bigger^' and "smalleif separate objects (a big ball and a smaller one, 
etc.) rath^^r than groups of objects yire used for pomparison In the first 
lessons. In such a demonstration, the pupils do not become sufficiently 
aware of the ar itlimetical meaning of these concepts. Later, when they 
study the first ten numbers and are asked- which of t^lo numbers is larger 
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and which Is' smaller (for exampler^S or 4) , the children orient them- 
selves by a formal feature (the number *s place in the series) when they 
answer, without being able to check their conclusion experimentally -(by 
c\)mparing corresponding groups of objects) • The ^eacher is nojt verifying 
the children's grasp of the arithmetical meaning of these basic concepts. 
He is not guiding the formation of these concepts without which conscious 
mastery of numbers and the operations of aritlimetic cannot be ensured ♦ 

Another criticism that deserves attention concerns the way in which 
cljildren learn the order of the natural numbers • Numerous observations, 
as well as the special experiments cited [9, 37, 44, 56] prove that chil- 
dren learn the order of the first numbers of the series easily (as a rule, 
:before starting school) , but their corresponding comprehension is almost 
inert. Though they ea^^ly reproduce this order in the forward direction 
beginning with 1 <1, 2, 3, 4,...), they experience considerable difficulty 
when told to continue a series starting with any other number (4, 5, 6, 
7, ..•)> to count backward, or to name the number following a given num- 
ber or preceding it. Also, knowing how to count from one allows the pupil 
only to perform .the task of counting objects. For all further work 
connected with the study of arithmetical operations and number properties, 
confident and flexible mastery of the series is necessary. 

To ensu^re just such mastery of the number sequence, it is necessary 
to organize suitable exercises. Observations show, however, that many 
teachers de^iend excessively upon frequent repetition of their number 
sequence in the forward 4irection, "from- the beginning" (starting with 1) , 
and fail to pay enough attention to exercises directed at more flexible 
mastery of the number series. 

Specific ways of using the various schoolroom visual aids to form 
children's concepts of numbers and the operations of arithmetic have 
also been subject to criticiie5m# It has been mentioned tliat the ttiethod 
of using visual aids should vary accoWing to the tasks confronting the 
teacher at each separate stage of forming these concepts. 

A failure to meet this obvious requirement can he seen* for example, 
in the following case. Having introduced the first ten numbers, the 
teacher moves ou to consider addition and subtraction. The cliief tasks 
at this period of instruction is to ensure the children's advance from 
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the method of counting from one to the method of adding (or taking away) 

by- ones and groups. If the ^ildren then are given only concrete visual 

aids (i.e-, objects) in solvxng examples and problems, as they did i 

earlier, the instructor not only fails to'^mafce the transition easieil but 

on the contrary makes it more difficult for them to advance, to the new 

method of determining the result. Indeed, if, for example, the remainder 

which the children are to determine in solving a subtraction problem is 

presented in visual form, it is easier for them to count the corresponding 

objects than to use the subtraction method, which is less rational .Ainder 

these conditions • 

Clearly, when a new problem is' put forward at a given stage of 

Instruction, the way in which visual aids are used should vary so that 

the teacher creates conditions for completing the assignment which set 

off, the advantages of the new method of solvljhg, or l?etter yet, which ^ 

absolutely require its applicatjlon* Various partial uses of concrete 

visual aids ^e.g., in which one of the addends is 'given in number form 

and the other is illustrated with an object) suit this purpose (for, more ^ 

* 

details, see [42, 56]). 

Hie above and other criticisms of the method of forming concepts of 

I 

numbers and the aritlimetical operations are, we see, directed toward a 
more exact definition of particular questions, toward perfecting the 
present aystera, and do not generally concern its substance* 

The merit of the method used in school to form the most important 
concepts of arithmetic was not subject to doubt until very recently. 
Everyone agreed that the concept of numbers and a;:ithmetical operations 
was to be formed by giving the children abundant experience in actually 
working with quantities of objects* In the course of comparing groups 
of objects, establishing one-to-one correlations between elements of 
compared groups, joining groups of objects, etc., the concept of num- 
bers as descriptions of quantity, the concept of numbers as ordinal names 
for objects being counted, and then the concept of aritlimetical operations 
with numbers, were to take shape in the children* No one was confused by 
the circumstance that 'enlargement of the number concept — acquaintance with 
other functions of numbers — was deferred for a rather long period, and 
when the task of broadening tlie number concept arose in the course of 
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instruction, children often met with substantial difficulty, since it 
was then necessary ^^tt^rrange previously f&rsmd knowle^e, skills, and 
habits. Such phenome^Hfave been observed in introducing fractions, 
negativ* numbers, and so on. 

No objections were ever raised, either, against the general approach 
taken in acquainting children with the ^principles of mathematics, an ^ 
appi^oach which was charted by the curriculum and can thus be defined in 
very simplified, schematic form: from practical operations with real 
objects XiiiaiJ3ly before primary school and during the.flrst weeks of school)- 
to operations with numbers and the study.of their properties r(the first 
5 or 6 years of school); from considering tlie properties of numbers and 
the four arithmetical operations with specific examples an^ from considej^^ 
ing the interdependence of certain specific quantities to |iiscovering 
general properties of numbers and the operations of arithmetic expressed 

in letter sjrmbols and to, studying various forms of interrelation between 

i ' 

quantities in generalize]d form (from 7th grade on). A gradual transition 
from the concrete to the abstract—from consideration of particular cases 
to gi^nerali5;ation (for example, from operations with numbers to letter 
expressions) , gradual enlargement of the number concept by the inti^oduc- 
tlon of certain new number forms and subsequent generalisation of the 
numbers studied (by comparing them with ones considered earlier) — this 
is the primary trend in the formation and development of basic matha^ 
matical concepts which has been determined and reinforced by experience. 

In recent years, however, this general trend in arithmetic teaching 
and above all, the very approach to forming the concept of numbers, consid- 
ered to be tested and confirmed by centuries of school Instruction the 
world over, has been cast in doubt in the works of certain investigators. 
The urge, so charcteristic of our time, to revise radically, the entire 
system of teaching mathematics in school (particularly in the lower 
grades) is explained prijuarily by the fact that against the background of 
gtfendiose successes in science and technology in modern times, against 
. the background of rapid development of the exact s^idrences^f^Tue inadequacy 
of the mathematical preparation of the gj?^duates of our schools is being 
felt more and more. 
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The relatively insignificant improvements and corrections that have 
been made in our curriculum and methods up to now still have not been able 
to ensure elimination of the gap between what the school gives the students 
in this regard and the requirements of life. The creat:i^e thinking of 
methodoiogistf and psychologists, scholar-mathematicians and practicing 
teachers 'isSl^vqlved ia^T^earch for a way to overcome this contradiction. 
To everyone, inter^iSr^d in the organization of mathematical education in ^ , 
the school of tlie fuHure, the projects for radical revision of elementary 
'school arithmetic instruction advanced by various authors and whole 
scientific groups today, both in our country and beyond her borders, cannot 
. ^ fail, to arouse the liveliest Interest. So let us look in somewhat more 

detail at certain modern trends in elementary school mathematics instruc- 
tion that have direct bearing upon the pro^blem of introducing numbers and 
the aritlimetical operations • 

4, New trends in methods of introducing the principles of 
mathematics 

In this section, certain new trends in methods will be considered, all 
of which call for radical reorganization of primary school aathematias 
teaching. One of them is linked to the name of the Swiss educator ^ 
|;uisenaire*- The ''new method of teaching arithmetic In primary school'' 
that he worked out has been widely disseminated - in the schools of a 
number of foreign ccpntries. 

Cuisenaire posits as the basic task of arithmetic instruction the 
pupils' conscious mastery of mathematical relationships, based on practi- 
cal operations with special teaching material. To this end he proposes 
the^use of rods of various sizes and colors that would replace definite 
numfcf^rs. All the operations of arithmetic and the correlations between 
.i^umbers are rivealed, in his system, with the aid of these rods* For 
example, in introducing the toncept of multiplication as the addition of 
equal addends, the , author uses^ one long orange rod and five short red 
ones whose aggregate equals it in length. The appropriate entry is made: 
"1 orange = 5 red," or "5 red = i orange." 



^For a detailed description of Cuisenaire 's devices, see [7]. 
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Cuiseuaire similarly shows the relationship between the different 
operations of arithmetic: three light-greeVi rods and one white one are 
^ matched in length to the orange rod, so that the pupils perceive various 
possible corrections visually. For example: "3 light green + 1 white 
1 orange," or "1 orange - 3 llght^green « 1 white," 

However, this is all determined by color (without numbers). In 
various practical exercises, for example, a rod . three units long is 
replaced by three rods (1 unit) or two bars (2+1). All this looks 
very unusual to our eyes, but this method can facilitate comprehension of 
certain mathematical relationships because it ^ quite graphic. In this 
case, the pupil has the opportunity to perceive visually a number of 
combinations that show diverse relations between quantities and between 
the arithmetical operations* 

From the study of mathematical relationships through color, Cuisenaire 
leads the pupils to study them "in terms of the numbers from one to ten.** 
The expression "in tetins of the numbers" is not accidental here, ^or 
Cuisenaire, numbers are not the object of stjidy,Just. as, earlier, color 
was not. Both are only a means to another end — the comprehension of 
mathematical relationships. 

Characteristically then, the value of using ^'semi-abstract" material 
that can replace (symbolize) mathematical relations in teaching arithmetic, 
lies, according to Cuisenaire, in the very fact that it is "semi-abstract." 
He critic-tzes bringing everyday situations into arithmetic teaching. He 
notes that objects from the environment should i^ot be objects of calcu- 
lation in arithmetic lessons, since they distract ' children from discover- 
ing numerical relationships. 

School Instruction in our country aims to effect close links with 
life. As we see it, in contrast with Cuisenaire, the use of numbers i^ 
everyday situations not only does not lead the pupil away from the basic 
academic task but, quite the contrary, it facilitates more conscious 
learning of mathematics, an understanding of its link with the practical. 
From asBociating with adults, a child begins very early to choose objects 
to count in his environment. By the time he comes to school he has already 
accumulated his own arithmetical experience from his life. And no colored 
rods symbolizing abstract mathematical relationships can "tear him away" | 
or isolate him from this life experience. 
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Indeed, even during the first days, months, and years of school, 
children will continually have to solve problems in life, problems re- 
quiring the use pf numbers, couixting, and the arithmetical operatic^.. 
To deny for an extended time any guidance whatsoever to children in solv- 
ing these e^fe^^ay problems, to create an exceedingly artificial situation 
in wh|ch they have to perform various manipulations with '^cemi-abstract" 

.material in mathematics classes (and they are unable to comprehend either 
the sense or ultimate aim of the manipulations) would meaii to repudiate 
the leading principles of instruction and education upon which the work 

,of the Soviet sthool is based. i 

Cuisenaire's approach to numbers also raises fundamental objections. 

Keeping in mftid that one of the most Important tasks of the school is to 

nourish a scientific, Marxist world-view in children, it is exceedingly 

important to construct mathematics "instruction from the very beginning so 
« 

as to make them aware of the link between this science and practice. 
Children should realize that the nuHiber concept has been adopted by man 
from the real world and is not a product of pure thjpght, and therefore, 
number should be a special object of study in school. 

However, these fundamental objections to Cuisenaire^'« initial posi- 
tions do not preclude the us\ of individual methods he has recommended 
in practical instruction in our schools; in particular, one should try 
using rods of various sizes and colors to show the pi^ils visually the 
varied relationships between numbers and tl^^ arithmetical operations,, 
as well as basi'S^aritlimetical laws. The arithmetic counting box of rods, 
which we use, is not sufficiently adapted to these ends. 

Individual attempts by Soviet psychologists to revise radically the 
content of mathematics education, particularly its elementary stage, 
deserve more attention. Thus, Gal^perin and Ceorgiev^s work, in which 
they elucidate the results of e?cperimental Icindergarten teaching, regards 
as paramount, in the formation of the conclipt of number, the analysis of 
the numerical relationships l^^ween quantities through measurement. In 
one of their reports we read:! "The mathematical approach to the quanti- 
tative aspect of things beginsjwith the isolation of a 'measure*'' [23]. 
Therefore, in their next^ report, which discloses a program for instilling 
elementary mathematical concepts, they chose the *'f ormatior^of a. matfifemati- 
cal approach to studying quai^tities'* as the first topic [22]. 



The authors safe one of the chief tasks of the study of this topic 
to be^ to teach the children not to estiinate size by the impression they 
gat from a direct comparison of dimensions, but to systematically use a 
ruler and the results of measurement • 

All work involved in studyiiig this topic, which includes formation 

of the concepts "larger," "smaller," and "equal," is done without numbers 

or counting. When two homogeneous quanti^ties are compared with the help 

of a chosen common measure, chips (or notches, etc.) are used ^instead of 

counting in the comparison* Every time the measure can be put on one of 

the rods (or one glass is measured off, etc.) one cliip is set aside; the 

groups of chips so obtained are compared by establishing a oue-'to-^ne ' 

correspondence, and a conx:lusio'n is drawn — which of the quantities con^pared 

6 

is larger, which is smaller —according to the results of the comparison. 

Twenty-two lessons are allotted for such preparatory work, the pur- 
pose of which is to establish a link between a quantittStive estimate of 
quantitS^, and its measurement with a unit of measure^ Then the children 
proceed to study numbers (38 lessons). At first th^y form the concept of 
unit, formulated by the authors thus: "That which is measured and equals 
a unit of measure is unity, or one." All subsequent numhers are formed 
from 1 by adding 1 and are studied consecutively according to this plan: 
forming a new number and naming it, applying the number in measurement, 
cardinal and ordinal counting, addition and subtraction up to the given 
\^ number. 

After ''studying numbers, special time is allotted to considering, in 
generalized form, the relationship between a quantity, a unit of measure, 
and a number. It is explained that one cannot compare numbers obtained 
from measuring heterogeneous quantities , or from measuring homogeneous 



^The third report [22] relates in detail how the experimenters begin 
with exercises in which the children compare quantities composed of simi- 
lar objects, chosen with the aid of a unit of measure (there is a unit 
for every kind of object)^ The direct comparison is replaced by indirect 
(with the help of chips, i^arks, etc.). Finally 't^e exercises create a 
situation in which numberB are necessary, in connection with tasks of 
the form: "Go into q.nother room and get as many... as there are things 
(chips) here—but you may not take the things with you." Hence the 
advanc^' to counting and using numbers as a description of quantity. 
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quantities t or from measuring homogeneous quantities using different 
units of measure. At this stage, a series of practical exercises is 
conducted showing how a number obj^ined from measuring depends upon thfi* 
unit of measure by which me^.3<lrement of^the given quantity is accomplished.^ 
And the reverse situatj-erfe are also considered — how the unit of measure 
must vary if a nustlfier is assigned and the quantity increases or decreases, 
and how the quantity must change if a number is given and the unit of 
measure increases or decreases. 

We can see that the system of introducing numbers, counting, and 
the' arithmetical operations proposed by Gal'perin and Georgiev [22] 
has much in common with the one currently employed. Indeed, numbers 
even here are introduced by actually establishing one-to-one correspondences 
between the elements of groups of objects. Fundamental to the introduction 
of numbers.here is the concept: of ^'so many" that atises from comparing 
object gT;oups. 

The chief difference between the way children are introduced to 
numbers now and the one contemplated by Gal^perin and Georgiev is that 
in the latter, work begias by comparing cc^tinuous quantities introducing 
the, principles of measurement and doing suitable exercises without using 
numbers or counting (until they are introduced in class) . According to 
the experimenters, childresn should fi^rst perceive numbers as the result 
of measuring (as the ratio of the t^uantity being measured and the chosen 
unit of measure). However, counting and numbers are actually intr6duced 
in exercises to ret>lace the chips that had registered how many times a 
unit w^s contained in ^^^ajiaeasured quantity. In' this connection, in fact, 
numbers are introdutfed, as usual, to describe quantitatively a group of. 
objects in this experiment (by establishing a one-to-one correspondence 
between the numbers arranged in natural sequence and the chips making up 
the group being counted) . 

Actually, as we have seen, children meet numbers for the first time 
in exercises tliat require an answer to the question *^how many?*' (that 
is, exactly how inany separate objects—chips, notches, and so on — not 
**how many times is the unit of measure contaiiv^d in the quantity being 
measured?*^. True, familiarity with numbers and counting is used 



"^See preceding footnote. 
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immediately in connection with measurement. So when children are taught 
experimentally in Galv^perin and Georgiev's systeiri, they are introduced 
earlier than usual ^ numbers obtained not only as a result of counting 
but also as a result of measurement- They meet numbers not only as a 
description of* the quantity of individual ^bj^cts making up the group 
being counted (niiabers as "a collection of units") but also as indicators 
of ratio • , ' ^ 

From the very beginning of instruction, the important fact is brought 
home to the chil'dren tha£ a nun\ber 'depends on the unit of measure chosen, 
that the unjlt of measure is part of the quantity being measured but is 
by no means ^identical with the concept of unity in itself ,(ev^n discrete 
quantiti^ can be counted in pairs, in threes, etc.). Such an approach 
to forming ^he number concept is of undoubted intere§t» 

In criticizing t^e modern teaching method, Gal'perin and Georgiev 
stress that it does Hot give sufficient attention to i^bers as an indi- 
cation of the ratio of one quantity to another. Galanin pointed this out 
in his time, when he wrote more than 50 years ago: 

• . .Elementaai'y instruction insistently builds the idea 
that a number is a collection of homogeneous counting units, 
but this ijiea ce!rtainly does not contain the idea of ratio, 
although-. . .the number concept is, rather, contained in ratio, 
for which a collectioif\of counting units is a particular 
instance [21] ♦ \ 

One must admit, apparently, that this defect in the metUod of nam-* 
bers study has been preserved to the present day. Caliper in and Georgiejt^ 
have outlined one possible way to overcome this defect. v-^" 

Th^n there Is doubt about the advisability of planning instruct ion 
so tlla^, in arithmetic class, for a, relatively prol^ged period of time*, 
the children do not use what they have learned about number. It is 
also very doubtful whether lessons demoted tp introducing numbers should 
create a conflict, to a certain extent, between what the teacher says and 
the knowledge the children have acquired earlier. The question arises, 
can the defects of present methods mentioned above be avoided, at the 
same time guaranteeing, in the first stages of instruction, a natural 
continuation, development, and extension of tl^e relatively rich store 
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of knowledge, skills, and habits in operating with numbers and. counting 

8 

which children learn before school. 

The same questions arise in considering the experiment coiuJucted 
under the direction of Davydov, This experiment proposes a radi'cal revi- 
sion of . the entire system of teaching mathematics principles ^ Da^dov , 
givBs much attention in his research to questions connected with the study 
of numbers and counting [13] • . ^ 

Davydov's basic plan is to begin teaching mathematics in school by 
developing in children an understanding of the most common mathematical 
relationships, stated in letter symbols • He proposes that basic niimer^ 
leal relationships between quantities be , considered first so that numbers, 
their properties, and operations with them will appear a^ particular cases 
"of already familiar general laws. 

Accordingly, Davydov allots three-fourths of the first year.of school 
to considering the basic relationships between quantitiesi — forming and 
comparing the concepts of '^larger, "smaller," and "equal"; coixsidering 
the conditions of maintaining and violating an equality, going from an 
inequality to an equality and vice versa; considering the relationship 
bet^ween elements of an equality. All the while the cliildren have nothing 
to do with members: they operate only with specially selected teaching /) 
material (rods, containers of water, sand and scales, etc.)* 

:J.n the study "of equality— how it is maintained and violated— addition 
and subtraction signs are introduced* Tlie children learn to express as 
a formula the transition from equality to inequality and the reverse. For 
example, A= B, A- e> B, A> B ^e; drA> B;A-e= B, A= B,-e. 

The experimental instruction showed thap first graders learn these 
relationships in letter symbols without numbers and before numbers. Num- 
bers and counting are introduced, in Davydov 's program only in the second 
semester. Numbers are introduced as the ratio of two quantities, which 
are compared by measuring them* ^ 

After"' solving problems related' to measuring various quantities (of 
length, weight, etc.) with the aid of various measures, the children be- v 
come familia;r with this kind of task, for example: *^Put the number 3 



Gal'perin^ and Georglev [22] investigated kindergarten teaching, 
where these questions are less meaningful thiiu for work in the irst 
grade. > \ 



on the axis, taking 4 boxes for a unit (a njeasure)," and so on- 
In this way they become familiar witlj the principle which the 
natural numbers are constructed. Relationships .between quantity, 
measure, and nlimber are then considered. Exer.iTisQs of this form are 
carried out: "Quantity A by n^asure ^ equals 6; the same quant^ity 
A by measure £ equals 8. . Which measure is larger, ^ or e^?" 

The next part of the program calls for introducing addition 
an$i subtraction of numbers, but unf ortiinately , Rqp these arithmetical 
''operations are inculcated is not consIS^red in detail in the published 
materials, which onl)^ say that addition and subtraction are introduced 
"by means of reducing an inequality to an equality." Examples like 
\ this are cited: 

.8 > 5 3 < 7 



8 - X = 5 

8 5 + X 



3 + X 



X == 7 - 3 



s - It^ is explained that in both cases x is foun^^ first by using 
a tab^e (the instructor asks .how much should be added to 5 to get 8, 
and 'the*cljildren look at the table and find 3). The table is then 
memorized by means of the exercises. 

Furthermore, it can be seen- from the published curriculum that 
later, numbers will be understood, as the ratio of the quantity being 
considered to the quantity that is taken --as a unit of iheasure, a notion 
em]jloyed particularly in explaining the meaning of the operations 
of multiplication and division, ^ 

Neither the procedure or teaching experimentally according 
to the clirriculum under discussion, not its results, have yet 
received 'sufficient elucidation in print; So it is not possible 
, to make a detailed analysis of the merits of the proposals. We 

must, however, turn our attention to .the most controversial 
* aspects of Davydov'^s proposed system, .and methods, of forming the 
number concept and of teaching children /count ing and the arithmetical 
operations. .It was mentioned above that Davydov's experiment raises 
the same doubts *as did the yiew of Gal/perin and Georgiev. In 
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connection with. Davydov*s ^prpposals, however, we "must raise a few ^ 
additional questions of fundamental importance. 

* The first question: Can one arm'students witiv*^the. skill of 
"immediatel^manipulatlng quantitative features in generalized form"^ 
on the basis of practical ^woxk with sticks, paper ribbons, blocks, 
and plasticine, with water,-, wel-ght, an,d other such teaching material? 
Will this generalization be , so broad (as the experimenter is 
convinced) as to make It possible later to consider corresponding 
que^^^^ with numbers ^ a particular cas^? This questiori cannot 
be aai^^d merely on the basis of theoretical analysis: It needs 

' to be studied in actual instruction. What is more, eve.n if suitable 
research is conducted which answers the question in the affirmative, 
it is still'neCessary to check whether the method contemplated 
meets the criterion of raising the effectiven^s of instruction as 
a whole. ' ^ ^^"^ 

The second question:- ^ Is it right to*use letter symbols at such 
an early stage of instruction, for writing the generalization being , 

. taught, as Davydov proposes? There is every reason to fear that 
su<fh e^ariy introduction of letters can lead to the unwarranted 
"formalization" of instruction and to its iso^^tion from life. 
The fait that' children. Judging by the data cited in Davydov's 
article, learned to carry out exercises linked to the use of letters 
vin mastering, the described curriculum does not prove that they 
•will be able to supply the knowledge acquired to pra^cal p^blan®, 

Firrally' the third questioij that, should be co/tVmpl>t;»iL,^n ^ 
cOnsiaering-<his system i^. this. By placing the idea of ratio 
in a position of prime importaiice in teaching the number concept, 
studying mainly the co^arison and measurement of continuous 

> ciilantities over an entire year of instruction,' do not the expor i?iient€ 
reduce ^le signif io^nce of a number as the result of counting, as a 
quantitative ciuiracterist ic of sets qc)mposed of separate objects 
(sometimes not uniform many respects)? 



It is difficult to say definitely Vhlch tasks are more often 
encountered in life—those requiring measurement or those requiring^ the 
Canting of separate pbjects. Each of these tasks l^s its own specific 
character, and if Davydov is right he reproaches •^ibdern metiiodology 

for neglecting th^ task of instilling the concept of number as ratio, is 
not he making the same mistake ip. regard to establishing the numerical 
.quality of discrete quantities? 

In considering the different functions numbers perform in the solution 
of various practical problems, we have already mentioned that each of them, 
generally speaking, can be seen in terms of another. 

Methodologically, however, the aspect of numbers which is "turned'^ 
toward the children when they first meet them is ^scarcely an indifferent 
matter* It I3 also impo rta nt for all aspects of numbers to be sufficiently 
illuminated ih later instruction; ; The need for a system of suitable 
work, and for a proper sequence in considering all problems related to the 
cjiildren's formation of the number concept and mastery of the arithmetical 
operations, should b_^ fulfilled by beginning with t^ general didactic and 
psychological' principles described la the first chapter. 

From this standpoint, it is more rational to lead the children away 
from forming the number concepf'on the basis of practical operations, with 
concrete quantities and sets of objects, to an ey^n deeper study of the 
abstract properties of numbers and operations with them. This course 
makes it possible to organize school instruction as the laatural contlnua- 
tlon and development of pre^school Instructilon, to use more fully experi- 
ence in operating with object groups and initial knowledge of numbers and. 
counting, acqii?.red by the children before they came to s'fchool, and allows 



9 ■ 
Theoretically, of course, one tan consider any piroblem of the second 

type a particular case of the" first. But is not this too hard for a 

first grader? Does he understand, for example, that when he answers the 

question, "How many chairs are in the room?'J he has used the concept of 

*^chair"- as a measure just as in measuring water he used ^glass as a 

tnea^sure. Is ndt the reverse reasoning simpler, in which measuring is 

considered a particular case of counting (let us count how many units of ■ 

measure are contained in this quantity being measured)? 

71 



f -. 54 



RIC 



ma 



thetaaiics teaching' to be'clDsely related to life from the start. Under 
these conditions, the knowledge children acquire in the first grade allows 
them to solve a wide variety of tasks ♦that ari^ .in their playtime and 
school^ctivity and. in daily life. At the* same time, the study of numbers, 
and J^e operations of arithmetic'^provides a foundation' for later generali- 
zations and for moving on to letter symbols* , 

The problem of perfecting numbers and the operations of arithmetic 
and of removing the defects that were justly pointed out in the works 
considered "above should be considered from this particulal: standpoint. 
We are attempting ,3 solution in our experimental curriculum which is based 
on these con$iderations . This curriculum^ is presently being checked by 

the Institute of General and Polytechnical Education of the RSFSR Academy 

10 

of Pedagogical Sciences, 




"^\he experiment, was begun in the 1963-1964 school year in Moscow 
Schools No\ 314 and 44, in the V. I. Lenin School, in l^iarsk Sciiool No. 
7 and Kardymovskaya School in the Smolensk province; in 1964-1965 it 
aovercd more than 40 classes in various^ prgv^inccs of, the RSFSR, 
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INSTRUCTION nS MENTAL A2ID WRITTEN CALCULATION 

* • ' I - ^ 

1. The rolb of teaching mental and written calculation In an 

elementary mathema^tics course ^ 
— :: nr 

It iis generally agreed that, along with the inculcation of basic 

taathematical coAcepts, the stu^^of number properties and the laws of the 

* a- 

arithmetical op^pations, the formation of children's calculation skills 
occupies a most importaat position in eleg^en^tary school teaching • At. 
various times and in various countries ,\^ndamental discrepancies have 
bean observed in determining the relati\^B impartanc!^ of mental and 
written methods of calculation, as well aS'in 't;he very approach to forming 
the at)propriate skills. 

The American school, for example, has always^characteristicaliy been" 

• ' ' •IS 

enchanted wit,h written methods, and in forming calculation skills^, it has 
always attached fundamental* importance to mechanical • practice exercises, 
which occupy most of the time ;allotted to arithmetic \iK^tructton- / • 

^ By contraat, the Russian schc^ql l^s always been distljnguished by Its 
great attention to mental calculation and its desire for children to gain 
a thorough understanding of the calculation methods use^ in carrying put 
the arithmetical Operations, in both mental and written form* 

In the American school, children are taught to wri£^-addition and 
subtract|-on in '^columpi^' while they are still studying, the first ten 
numbers., and theri^^s they become familiar with these operations up to ^ 
2^, 100, and over, they are taught to use wr it tei; methods of calculatiotif 
Tlius even in the first year of school, written calculation predominates* 
Our children use ej^clusively mental methods during the first twb years of 
school .(when the fir&t 100 numbers are studied). Later, the children 
must mentally solve simple problems in addition, subtraction, multipli- 
cation, and division with large numbers, resorting to written calculation 
only when actually necessar3^. 
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Obligatory daily exercises in calculating mentally, performed at 
literally every aritlunetic lesson In the elementary grades, have become 
a deep-rooted tradition of school instruction. 

^ , To what can we attribute the adherence to mental calculation so 
characteristic of our schools,. Apart from the practical significance of 
the ability t^ perform simple calculations ^*in the head" rapidly and 
correctly, Soviet* methodx)logistrs have always ^considered mental calculation 
one of the best means o\ deepening the theoretical knowledge which chil- 
dren acquire in arithmetic lessons. Mental calculation facilitates the 
formation of basic mathematical concepts, a more t|iorough knowledge of 
how numbers ar^composed of addends anci factors, a better assimilation of 
the, laws of the arithjaetical operation^, and so onl Also, great educational, 
importance has always been attached to exercises ip mental calculation. It 
has been felt to facilitate the developjoient of^ children's resourcefulness, 
quick'-wittednes^, atteAtion/ memoty, activity, speed, versatility, and^ 
Independence of thought. ^' 

\Comparing mental and written methods of calculation, progressive 
^' pre|reVolutionary Russian methodologists often noted that in all thes^? 

respects,, mefital calculation opens up significantly wider possibilities 
: ^han witten calculation. Jn their effprts to underline tkis basic 
distinctiQn,-methqdologists of the past ?%ometimes even exaggerated , the 
significance of mental calculation, incorre^:tly contrastihg it to writ-^ 
ten. For example, the Russian mathematician and methodologist , Gol!4en-^ 
bere wrote that mental calculation deals with numbers while writtefi cal- 
culation deals .with figures. Tlic first^ is natural while the secbnd is 
. artificial. Further, ment'al calculation is creative but written palcu- 
latii>n Is constrained. Authors of methods manuals opposed 'such a sharp 
jhxtapositlon, eiven in the pre-revolutionary period*^ They particularly 
emphasized that even written calculoMon rec^uires a certain degree of 
awareness; * , ^ ^ 

It is ncessary to stress another .aspect as well, to whigh Goncharov 
[24] addressed his attention. To a certain degree, automatism should 
play a part even in mental calculation. Even then one must talk about; ^ 
' Kieveloping particular skills .on the basis of speciay.y selected exercises. 
Even the stage of mental calculation thai appears the most creative, that 

• 74 ■ ■ ^ * ■ \ 

ERIC 



V 



is, analyzing the numbers subject to calculation and choosing the most 
rational course of calculation, requires special skills acquired only 
through exercise. In recent years, voices have begun to be heatd concern- 
ing the unjustified "dominance" of calculations in the elementary arithme- 
tic course [13]. They refer to the existence of handbooks of tables that 
children must know how to use. ^ 

What place should mental and written calculation occupy in a modern, 
school? What wove particular questions related to this topic are fuiida-^ 
mental and require special testing in school? Botli forms of calculation 

t should retain an important role in the s;^stem of elementary school mathe-^ 
. ■ ^ i • 

matics instruction. A book of tables cannot embr^e all situations t^iat 

the pupils will meet in life. If they carry out arithmetic transformations 

by themselves, it will help them understand the very essence of the trans^ 

formation, without which it will be hard for th«m tp understand even the 

tables ♦ But the teaching o£r mental and written calculation should be 

streamlined by introducing expedient changes in both curriculum and 

methods. - 

The possibility of an earlier introduction of methods of written \^ 

cfalculation up to a hundred (not up to a thousand, as stipulated by the 

current ci^rif'i^ulum) should be determined later. One should also check 

whether concentric cycles might he curtailed by discarding one thousand 

as.a special cycle. There are serious grounds for considering the possi- 

r 

bllity of reducing certain instances of written Calculation in the currlc- 

^ r ^ ^ f 

N ulum which deal' with multidiglt numbers. Cei'tain cases of multlipllcation 
and division by a three-di^it 'number could be suWect to curtailment*^ 
first. Certainly, calculatiofT methods are the same for larger numbers as 
they are f-o?* smaller numbers* 'The student masters these methods , complete- 
ly by dealing with smaller numbers. And if in practfce'he f iiids *it 

^ necessary to compute with larger numbers, he will be fylLy able to deal 
with them. He knows the methods and has only concentrate throughout , 
the^ entire calculation process. " 

• - It should be uQted in passing tlxat children in. sphool make the most 

■ 4 

mistakes in written calculations (with large numbers) not because they 
do not know the calculation methods, hMt because they fail 'to maintain 
their attention liuring the Wl^J^e calculatlon'^process (for details, see 



th 



le following section) • llaving the studfent^ . generalize the study iiyiterial • 
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mare. often should play a decisive role in streamlining the teaching of 
calculation technique^ 

2, Heavy reliance on generalizing in teaching calculation 

' The basic -methods of mental and written calculations which. children 
must master in^'eleraentary school are based on the properties of numbers 
.in the decimal system and on the properties of tiie arithmetical operations. 
Children ar#lntroduced to methods of calculation, however , long before 
they know tM general laws on which they are based. 

We havAalready talked about the difficulties which the child meets 
when first Imtroduced to numbers and about his great need to consider ^ 
sufficient number of concrete facts — practical operations with quantities 
of objects. Even here, however, literally from the first steps of Instruc 
ytilon, the numbers themselves should become the children's object of obser- 
VatlonT^ Thus, when telling the children how the number 2 is formed by 
joining/l to 1, and then how 3 is f^rjned by joining 1 and 2, 4 by joining 
i to 3,yhnd so on, the teacher should impress upon them^the generalization 
that wery next number caixsbe obtained by joining 1 to the preceding one. 
Analog.ously , in considering the composition of each separate number in 
order., it is necessary that the children grasp the main principles— that 
every number can be composed either of individual units or of "various 
groups . 

Quite clearly, at this stage of instruction one cannot expect the 
pupils to verbali4«^ ttiefee general principles, but one can and should stlm- 
ulatc them to carry over' the knowleclge they have acquired in studying 
certain numbers to other classroom material* • 

- If these initial .generaiizat:b#*46 are reached in the 4itudy of , the 
first ten numbers^^ it will be possible to raise the level of the study 
of addition and/subtraction within 10 on that foundation. But in doing 
so one must consider each case of addition and subtraction separately, 
relying primarily on the visual methods principle, as is most often done 
in practi9'e, Anotlier way, however, is much more effective for impress- 
ing upo^ the children the general proposition on which these cases are 
based:/ "Every number can be added (and subtracted) In parts, either in 
unit/or in groups^" The children come to this conclusion by observing 
tl^^ teaclier add on 3 circles, 4 squares, antis^the like. The children do 
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not; formulate the conclusion, but they themselves ]Degin to act by analogy 
in considering new situations. Because of this, one may raise signifi- 
cantly the share of work done independently by the children in analyzing 
new material. . 

Here — though this procedure is not stipulated by the curriculum — it 
iis useful to introduce the commutative property of a sum (as the textbook 
urges). The children are introduced to this property visual^p^^tHg law 
is not put into words. They are required only to learn how tc| use it 
consciously and in the right .place in calculations. Thus, solving the 
example 2 + 7 = , the pupil will say: "Adding 7 and 2 is the same as 
adding '2 and 7-** you get 9," and will write the answer, 9. That is 
enough, ^ * 

In studying the topic, "The Second Ten I^umbens," the children master 
basic methods of mental and written calculation^ (representing a number 
as the sum of^a row of ones, methods of adding and subtracting with and 
without "carrying"). Therefore, it is very ilnpo^tant to point out to 
them these general-principles as well as to liav^jthem memorize the table 
•of addition up to 20. Knowledge of these principles not onlf will help 
tlje children to consciously use a particular calculation method, but : 
it will be good preparation for a later consideration- of the properties 
of the aritshmetical operations. • 

One can say approxima-tel^^ the same thing about mul/J^^lii^^ion in 
first grade. Here rt" i& even ^s^ore important, to understand the principl^ 
and" not just learn particular cases. A basic task in the first year of 

m 

school is to &how the meaning of the operation, to'iriai'cat'e the link 
between multiplication and addition. All work on this topic should be 
subordinate to instilling the concept of multiplication as the addition 
of equal addends. The exercises given to the children should show that 
multiplication always can be replaced by addition. It is best to do 
this with simple problems in multiplication, with the aid of an illus- 
tration of the conditions of such problems. On the other hand, it is 
important to show that not all addition can be replaced by multiplication 
but only addition of >qu^l addends. To ^this end, in addition to examples 

of the type: 3 + .3 + 3 + 3 + 3,,= ; 4 + 4+4'= , etc., and the\ 

assignment to replace addition by multiplication, one should 'give example! 
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in which such a substitutfou may not be made, as well as mixed examples: 

*3 + 3+ 3-l-3+5« . 

Furthermore, when studying the arithmetical operations in first 
grade, children can learn certain particular cases .in general form^ such 
as, for ei^mple, subtraction In which the remainder has a zero o^ multi- 
^ plication by !• 

Under the heading "A Hundred," work continues in forming and per- 
fecting skills of mental calculation. One can rely on what the children 
were taught in first grade more fully tliaa-4ias been done until now in 
studying operations within 100 in second grade. Everything should be 
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done to make the children 
new examples and the ones 



see how much there i^ in common between the 
they solved in first grade. For this, one 



should first compare examples solved analogously, such as the following; 

14 -h 3 « ? \ 24 + 3 - ? 36 ^ 2 - ? * ' 

\ 14 = 10 + 4 24 ^ 20 -h 4 36 - 30 + 6 

4+3^7 4 + 3- 7 6 + 2 = 8 

10 + 7 = 17 20 + 7 = 27 30+8-38 

14 + 3 - 17 24 + 3 - 27 36 + 2 = 38 

In demonstrating the solving method with visual/aids, it is betterN^use 
the same* aids as In first grade, to give oral explanations in the same 
form, and so on. 

Children perceive the resemblance between adding (and subtracting) 
within 20 and within lOO fairly easily, , But they do not always perceive 
the distinction so well as tha similarity, and thus they make mistakes 
in solving. Consequently, it is useful to organize exercises so that 
examples of this kind are contrasted, ^ ^ 

In order to study multiplication and .division up to 100, the chil- 
dren must not only learn the proper tables, but must also explain, the 
relation between the operations under discussion, and apply knowledge 
of this relationship to deduce the appropriate tables. 

In second grade, children become acquainted in practice with cer- 
tain new properties of the arithmetical operations. Besides the commu- 
tative and associi|tive properties, they use the distributive property ^of 
multiplication over addition and others extensSively in calculation. The 
corresponding laws usually are not stated here^ But in fact the children, 
in solving appropriate examples, can already perform operations l>&sed on 
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genaral rule, without resorting to visual material every time* 

First- and second-grade eaqjerie^ce in applying the properties of the 
arithmetical operations and the decimal system when studying mental calcu- 
lation is an excellent foundation for the final f oxarth-grade drill in 
the corresponding generalizations,. 

In teaching written calculation in 'third and fourth grade, it is 
extremely important for the children to realize the meaning of the opera- 
tions carried out in each specific case, 'Although they give much atten- 
tion to teaching t^,e children conscious methods of mental and written cal- 
culation, teachers do not always fully use, in later work,, the total knowl- 
edge whi^ the children acquire.. / ^ 

Thus in aclyancing from^tsfie concentrit cycle to another, from the study 

of operations wllth numbers 'up to IPoOO to the study of operations in the 

whole field of nymbers, the teacher arbitrarily spends much time on 

explanations which add very little to what has been said earlier • 

* > 

Much attention should be given to making children aware of the 
features of th^ numbers of, the decimal system as they advance from one 
concentric cycle to another. On this basis, having noted the similarity 
between operations with different sized numbers, children can independently 
carry over tJheir knowledge, skill*©, and habits, (acquired, for example, in 

studying addition and subtraction op to 1000) when performing these opera- 

1 

tions with niimbers of any size. 

In speaking about the role of generalization in teaching operations * N 
of calculation one must touch upon the question of introducing third 
graders to fractions, although this leads us slightly beyond the bounds 
of the topic at hand. 

Fractions are introduced in third grade, according to the cur^riculum* 
However, as mentioned in the explanatory note to the curriculum, familiari- 
ty with them begins essentially in second grade, where the students a%£. 
given the cpncept of a part of a number^ they learn how to find a half, 
a third, a fourth, Qtc. , of a number. In third grade this work must be 
developed, of course>s^And here a special cycle is introduced^ the content 
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■ "'"The Tnethodo3>Qgical literafeure throws much light on the question 
of mental and written calculation [49: 54]. 
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of which is listed in this way: ''\l2\ 1/4; 1/8; 1/10. Expanding and 

reducing^ reading and writing fractions^ Solving problems by finding ^ ' 

a fraction of a number" [58]. 

Here one cannot but note that along with a natural expansion and 

deepening of the work in second grade, occurs a relative restriction. 

In fact, in second grade the children learned to find any part of a niwn- 

ber (within the limits of the numbers and operations studied), and in 
thirdS^rade their* wdrk is limited only to the fbur fractions indicated 
in the curriculum and, -Accordingly, to fractions with denominators of 
2, 4, 8. and 10. ' * ' 

Thus, even though the second grader ha^ no difficulty finding a 
third or a fourth of a number, here for some reason it is proposed, after 
teaching the child to find, say, 3/4, 5/8, 7/10, to teach him to find 
2/3' of a number, prematurely (?!). 

Obviously, this reflects the influence of tradition, which proposes 
monographic study of certain specific fractions, whose number and form 
did not remain constant as the curricula changed. ^^The authors of pre- 
vious curricula -quietly rejected the possibility of children's realizing 
the general principle of forming and naming a fraction even in fourth 
grade. In this respect, the current curriculum takes a step forward, 
since it proposes tliat in fourth grade, in solving^ problems involving ^ 
finding a fraction, the third-grade skills and knowledge for fractions 
with denominators 2, 4, 8,^nd 10 will be expanded to findinp, fractions 
wl^h denominators from 1 tollO. 

However, In third grade the monographic quality is retained in 
studying parts. The experience of the best teachers testifies that 
after learni^ how to form, read, and write fractions by three or four 
e:j5^mples, the children are able correctly to explain how to form, read, 
''and write other fractions not yet considered in cltass* The students are 
fully able t^ learn the law that Is the basis f or^ob taining any part, 

'^nd to make the necessary generalizations. But in order to do this it 
is important not to isolate the study of one part from another- On the 
contrary, the teacher must show. the connection betwjjen the cases .being 

^Qonsidered. If the teacher tries to instill suitable generalizationn , 
it will make it easiir for the children to study the curricular material 
and will make, them mAr,e aware of what they-are learning. 
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3. Calculation -errors and how to ovei|CQine them , 

The basic idea advanced by psychcjlogical theory concerning errors 
comes down to this. A mistake is not ; just the absence of the right 
answers. It yls the result of, a d^ini^te process, the nature of which 
iuust fefe unma"31ced. Tliis proposition is\often neglected in teacliing prac- 
tice,' Interest is shown only in the examples or problems in which the 
children make mistakes, and .the same conclusion is made in all siich cases. 
A mistake means additional Qxercise is needad. We npj^ apply this 

conclusion to all cases. - 

The distinctive nature of a mistake dictates distinctive methods of 
attacking it?*. In a siagle example "there can ^be mistakes of different 
origin. Even the same* mis take, moreover, may have a varying nature. To 
understand *how diverse errors can be," we must b\e guided by a-* definite 
classification. A study of the mistakes our pupils mak4jf in caj^^latin^ 
makes it possible to draw up siWh a classification.- - ^ 

We divide all mistakes in cM-culation into two basic categories, 

.1 "r , 

i 

according to the source of the mistake — -in the coitdltions ^f carr3^i-ng out * 
% g^v^^ operat ion or in the_ equality df mastery of^ arithmetlt:gil lyo^^dge 
and skill. ' • . ^ ' . y 

Mistakes cAused by conditions under which an*^operation is i:arried out 
are 'Wchanical. *^ They arise when, bec*)|se of certain conditions (fatigue, 
•loss of interest, excitement, distraction, and the like), a child's con-- 
scious control weakens in solving examples* Thase mistakes do no^t imply 
lack of knowled'^fee, nor do they imply tliat some ariUimetical operation has 
not been learneck thoroughly enough-rthey arb linked only to tne pupil's 
weakened attention as he carries out the operation. Therefore, mistakes 
of ^this kind fluctuate. An example solved incorrectly .the first time is 
solved correctly the second time,, even if the first mistake is never 
corrected, /^ong these, mechanical mistakes are slips of the''^ tongue and 
pen, when instead of one number, another number bearing some resemblance 
to it is uttered or written^. TJiis resemblance can be caused by various * 
factors such as the sound of the number b^in^ pronounced or the way tlie 
figures are written_^ It may have an acoustical, optical, or motor basis. 

Replacement of one idea by a similar one may occ^r not only in the 
final step of the process--wr iting or pronouncing the finished result — 
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but also at earlier stages, when perdeiving the numbers (by ear or eye). 
This category of mistake^ also includes so called "perseverative^^ mis- 
takes, in which some number is fixedly retained in the mind. Such is 
the nature of the mistake 43 4- ) = 70; in this case the digit in the. 
second addend was mistakenly written in the total. In certaim cases this 
phenomenon is caused by assimilating or likening one number with another, 
such as in 6 -f 7 = 12, in which thfe second addend obviously was likened 
to the first (6 -h 6) • The mistake 47 -f 9 = 66 has an analogous origin.. 
In this case the tens digit is likened to the units digit. ^ 
These mechanical mistakes are quite varied and y^eld to explanation 
Aly with difficulty. Therefore, attempts to explain the conditions under 
which this kind of mistake is more likely to appear deserve great atten- 
tion, • 

Research has shown that in the performance of all four operations, c 
examples containing identical digits give th^ greatest number of errors. 
In a number of cases, the *'perseveratn.ve" tenden^cy was strengthened in/ 
the presence of identical digits, wiiich encourage errors such ks 4 x 4 = 24 
or 6 X = 66. This phenomenon needs additional research and analysis. 

^ Weakening of conscious control because of fatique is peculiar to 
written calculation. An increase in error is observed when progressing . 
from the l^pwer 'place X^^lues to the higher, Tliis phenomenon was specially 
studied by Pchcilko.^ It was footed tl\at of 200 third graders wiio solved 
the following add/tion example, 40 made errors — no errors in the units 

place, 5 errors/iu. the tens place* 14 in the hundreds place, and 13 in the 

/ 



4 ■ ^ 470,824 

■ 15,782 

6,594 
-f 7,986 



'1 



'if' 



thousands. In this example, adding ^he'^units ,. the sum of which was 16, 
was f^ie, easiest^ for the pupiis; next in difficulty was adding the tens, - 

which totaled 27, and* the mos.t dlfficylt was adding the hundreds, which 

.J 

totaled 2^. One might infer that tlie degree if error in adding the numr 

^ . \ ■ 
bers in a given place-value depcndFj^ on trie magnitude of the addends. 

Ti/'lrheck this ■ inf e^,encQ, the pupils were told to solve an example 

in which the sum of the units was the l^irgest number, the sum of the ten^, 

„was a lit^e less^Vthe sum of the Imndreds still less, and so on. The 
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inference was not confirmed. Adding the units, the pupils made 4 mistakes, 
the tens, 8 mistakes, the hundreds 11 mistak^* (Thousands and higher 
place-values have fewer addends in the example, so that they do not enter 

968,469 . 
77,698. 

• . ^.577 

. +348 - 



into the compatison.) 

^ " On the basis of a number of these examples^ i^chelko draws the follow- 
ing conclusion: , „ ^ 

<^ • 

In adding several addends, the number of mistakes increases 
with progrejpSion to higher place-values,. Obviously, a great 
many numbers and an abundance of operations on them quickly 
tire the pupils and dissipate their attention. ^ Furthermore, ^ 
every error in the preceding places influences the results of 
adding the numbers in the next places [47: 53]. 

This cause — -weakened conscious control — is the basis of a very pVr- . 
vasive error, in which pupils fail to carry out the operation yindicatea 
by the sign. The>''peculiar character of the numbers^given in tme example 
may determine the choice of operation in this case* Certain ntni;bers 
create very -favprable conditions for a particular operatio;i — the ^^C7mbi- 
nation of 56 and 6, for example, creates conditions for easy subtraction. 
In this case, through weakened conscious control, sub'traction may be per- 
. formed in spite of another sign in the e^fcnple* 

Performing an pperation which does not correspond to the sign may 
alsfi be conditioned By the influence of preceding operations, a phenom- 
enon which might be called inertia of action^ For example, a gupil 
solves several addition examples in succession. After a while. he stops 
paying attention to the sign and adds, even tho|^h an ^example V^s'some 
new signs, such as subtraction. This kind of mistake is typical and is 
encountered at various levels of instruction. 

A mistake such as 80 15 = 6 occupies a rather special place^amori^; 
mistakes caused by weakened conscious control* We found this errs^r in* 
the test papers gf a numl:)er of third graders • Even adults make this kind 
of mistake, lliey usually explain it by referring to their experience — 
"Usually it can be divided without a remainder/* The ;iumber 6 was chosen 
.as quotient freeaUse multip4ying.it by 5 gives a number ending in zero. 
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The saoie proce'i^s .is the Isasis for this error aiiU5ng sohoolphildren. * 
Weakened conscious control in solving an example is* doubtless another 
basic reason for this laistake. But faulty learning of division with a 
remainder is also involved. That is why such mistake can be considered 
a transition to the next group of ^mis takes • ' J 

Mistakes in the second group are caused by insufficient mastery of 
arithmetic skills. This group can be divided into/^o large subgroups, 
according to thfe nature of the mental * process- upon which the knowledge 
and sky^lls are^base(J. 

If. the calculation skill is based on rote memorization 5f definite 
numerical re&ulrs and if it is, poorly establish^ , the incorrect answer 
, laty vary and sometimes may even alternate with the correct answer- For 
example, one pupil' was observed to giv^ three different answers for. tha 
example 7x8, One time he answered incorrectly— 54, another time - 
correctly — 56, and the thl^rd time, on a test, again incorrectly:- 7x8- 

♦ Mistakes of the second subgroup, contrasted with mistakes of the 

earlier kind, relate to skills based on a general rule. The nature of 

♦ 

the mistake is detertni^ied here by how the rule was learned , by the extent 
to which the rula used to perform the operatl^on has been generalized. 
Such mistakes are relatively constant* , 

For example, on the tests written by ^pupils (two second- .and two 
third-^^de classes) intone Moscow school, more than 50. mistakes were 
made in solvirig the example 1000 : 200, but all of them could be reduced 
to two forms — 50 or 500 » -In certain children we also discovered a sub- 
stantial persistence of the error. On three tests separated by intervals 
of time, one little' girl wrote the same incorrect answer, A number of 
pupils repeated their mistakes on two tests separated by an interval of 
3 L/2 months. 

Cases like this belong to the same category: A pupil who got 10 
,when he divided 96 by 6 left the mistake uncorrected when he checked his 
work, and when, he checked a cj^assmate's work, he replaced the other's 
•incorrect solVition (96 v,16 « 9) with his owt\ incorrect solution. A 

number of pupils retained the w^oug answer of 10 in this example over 
. rather extended intervals of time. . , % 

A 

84 



On what proc^s&es are these mistakes based? How does the pupil ' » 
laodify ,the known rule vThen he carries out a wxong operation? A study of *^ 
the mistake^ permits an answer to tliis question. ' A** rule the pupils learned 
earlier acquires an unjustly broad application, or Certain necessary steps 
in it are* omitted, and as a 'result the rule Is carried over to cases where 
it does not apply. Such is the origin of mistakes like IQOO : 200 » 500 
or 1000 200 =^50. In perfarmlj^g addition and subtraction on numbers , 
(;ontaining zeros, the pupils operated acoording to a definite rul^. They 
performed the operation. by discarding the zeros beforehand arid th^n attach- 
ing zeros to the result • Passing on to division examples, they proceeded 
in exactly the same way, . Thus, in the example 1000 : 200, they obtained 
5 by dividing 10 by '2. To the- 5 the/ attached a number' of z^ros (one or 
two). ' ' . , ■• 

The' next mistake, 96 16 10, arises analogously . A pupil himself 
* explain^ the steps of his calculation as 90 10 = 9 , 6 v 6 « 1 , 9 + 1 

* € ■ ' 

10, Again a rule applicable to written addition and subtraction (in -whicti 
the operations, are performed separately in regard to the tens and units) 
is carried over into division, * . 

In the two example's, cited above, the rule's application was extended 
to involve not only addition and^ subtraction, but any operatiotr. • 

Mistakes engendered by tne similarity of two fules are a special 
variety rf>f tjistakes of the secoud subgroup (mistakes based on general rules) . 
Tiiere are, for example, ' two similar rules for short addition, and for 
subtraction, of 9». Jn both cases, one must perform the appropriate oper'a- 
^ tion first with ten and the reverse operation with one. Thi^ on^ is 
subtracted in the first c^^se and add^d ir> tlie second;' In a number of cases, 
the pupils are not aware of this latter, particular, and differe^^tiated 
task. They are aware of it only W general. Indefinite form (some opera- 
tion with 1 has to be' performed) ♦ In this case, an incorrect answer may 
have even a bettsjr ci^ance ^f arising than a correct one, since the pupils 
have a tendency to carry qut the same operation with one that; they carried 
out first with 10. For example, some pupils p,ot 26 when they added 15 and 
9, since they addfed 10, to 15 and added on 1 (instead of subtracting 1) . 

A numh^r of researchers distinguish errors c onditioned by habit as a 
special group of mistakes. However, 'our analysis of mistakes shows that 
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the' concept of habit as applied to mistakes needs to be^aiialyzed* Hab'it^ 
c^n b^express^ through psychologically different processes : First, it 
can be expressed by the establisWent of a habitual operation • In this 
case, it is easily overcome by exerting attention (see .the examples in 
rthe first group of mistakes described). Secohd, it can appear in the 
sform of a habitual generalization (mistakes of the second subgroup, jpsl> 
described). * In the latter case, it is not enough for 'the child merely 
^^o' exertj his attention to overcome the mistake it is necessary to show 
him the error of the generalization and to instill new informatidn, and ^ 
then new habits. ^ • . ' 

The methods 'of attacking mistakes should be varied, ajid tj^e clioice 
of method is determined by the nature of the mistake. Tl?e causes of 
mechanical mistakes lie outside arithmetical kn<iwledge aad skills* Thei ^- 
fore an attack^ on these mistakes shoiild be direcrted tow^ird ' increasing / 
the child's interest in arithmetic exej^lses, mobilizing his attention,^ 
heightening his seiise of responsibility, ^c, • ^ ' ^ 

The methods of attacking the other two kinds of mistakes a^e <^±t^ . 
different. Here the cause of the mistakes is irevealed in arithmetic^^l . 
knowJLedge and skills. The^fore^the correction of a mistake must Jri- 
, mar ily. concern just thos^^.skills and^owledge, ^ . 

The problem f s o|ten put this way'. • Is there any positive value for 
overcoming an erro|/^y analyzi'hg it? Of can cone entratiag §11 an error 
only lead to liar^', so that practice in correctly 3olvingy3pptPPi"i-§t? 
examples must^y^e the basic measure? ■ 

As ous/research has shown, it is not legitimate to make such a' 

• statemen/^bbut the relative value of methods without considering t^e 
natur^ of the mistakes. In one case analysis of a mistake plays a very 
larg/role -in overcoming it, bi^t in another ij is totally useless. 'When 
w» deal with mistakes based on a misunders^tanding of a rule, it is very • 
important to analyze the mistake itself and show the pupil how it arose, 
so tKat he may realize his mistake. On the other hand,, it-^is totally 
U3eles*s (if not harmful) ttf' rivet the pupil's attention -to a mistake ^ 

• that arose as a resultVf an insufficiently established skill* The 
pupil cannot extract any , instructive lesson from analyzing the solution 

^ jjf 7 X 8 - ,54. Here tl]e sole methcd of attacking the mistake is supple- 
mentary exercise in a pooriy established skill. 



In one school, various methods of attacking errors were tested- 

The* result Sf showed that analysis of errors based oft ^a false understanding 

of r<ile9»had'a very great effect- The pupils who previously had made this 

kind of mistake did not repeat it. Moreover, error analysis prevented 

other, pupils, to a significant degree, from maki(Sg these mistakes later. . 

The effect of awareness of the mistake was so powerful that the pupils 

who ma4e the error remembered %t». They received a kind, of *'ir\tellectual 

burn" and subsequently were wary of the mistake. For the other category 

of mistakes, which resulted from insufficient retention of a skill, extra 

praQtice was the only ef feet ive -method . 

^ > 

lit attacking mistakes, much at4:ention should be given to ^'prophylaxis 
or mistake prevention. Ev^ry teacher knows that it is necessary above all 
to guarantee the pupils^ effective understandings of schoolwork in order 
t^ protect them from later mistakes*. But there is still another way 6f 
prevepting mistakes, the significance of which som^teachers underesti- 
mate. We mean the way 'in which exercises are selectied. Even with a 
sufficiently thorough understanding of a rule, a chilrf may err because 
the exercises using this rule were^ too monotonous.^ 

These mistakes deuK^nstrate the following law, which is characteristic 

of mental activity (we describe4, it in Chapter I, but let us recall it): 

Wlien homogeneous operations are repeated under ideiitical conditions ^ the 

« 

elements the situation that refaained constant for the^ duration of the 
repetition cease to be perceived. The law man/fests itself 'no t only in 
mathematical*skills but in all ot.h^r fields as well.| When pupils solve'* 
many examples In succession using the same operat^ion, they stop paying ^ 
attention to the sign. But;, if one obsGr>^s the principle of heterop.enity 
in selecting exercises, the cause Cf the mistakes wi'l^^be eliminated. 
The pupil who is solving examples in various operations alternately will 
pay attention to* the sign each time. Here it is necessary constantly 
to tn^^ the children watch for possible changes in the condition of the 
examples being solved. Instead of the general warning, '^Be careful,*' ^ 
special directions can be given from, time to time: **Watch out for the 
operation signs," "Check whether you may or may not use the rule in 
this case," and the like. There is every reason to believe that the 
shortcomings which still occur in our pupils^ practical calculations occur 
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^not SO much because they do not know^the ^le, as because the system- 
of exercises for actually using th^se rulefe is iusuf f iciently organized 
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* . • CHAPTER IV 

'. TEACHING PROBLEM SOLVING" / ' 

^* Arlthjoetlc problems in the elementary mathematics cours e 

ThQ question ^of the place o-f aritlimetic problems in the 'system of * 

mathematics education cje^snds serious consideration^r^ 

t ■ . '. 

On the one hand, \ the experience of the foremost educators and ^ 

\ * - 

methodologists 'shows that solving arithmetic problems (u^liig a proper 

method of instruction) plays a veiry important, positive role ^iri mathe- 
matics instruction. On the other hand> more and more voiced are being 
he^rd regaining , the inexpedience of keep^ing arithmetijc problems in the 
curricula, or at least regarding the impropriety of using them to the 
extent to which, they have been used-up to Aow% ^ ' ^ 

Academicians L. Sobolev^ A. L, Mints, and others declare that 
mathematics l^s taught in the schools contrary to "the rules of optimal 
st^fategy," so that children who are taught arithmetic miist waste their 
energy "learning abstract thinking ^11 over again in algebraic form." 
From th4;S standpoint, arithmetic problems receive the most criticism. 
According to Sobolev, after mastering algebra, a child is no longer 
able, as a rule, to solve an earlier prohle^i by arltlyietic pietho^ds. 
Why then deceive the ch4.1dren? Why not teach them abstract thinking ^. 
in the lowest grades? ' * ^ 

Because of this contrpversy it is necessary, in expounding the 
ffmndations of the method of' teaching the sol^ution of arithmetic. p^rob- , 
lems, first to recount cl^early .the real role of arithmetic problems in 
arithinetic instruction, why th^y are needed and what mental processes 
they develop in the childreH, In addition,, it is very important to^ 
understand how the algebrai-c method of solving differs psychologically 
from the ar Itlimetical one and what cental, processes ^re carded out in 
each case. ^ 

' Problem splving has always been consifiefed in an arithmetic course 
as a study activity wlAh douljle aim. First, it facilitates mastery 
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mathematical concepts and laws by showing their relationship to life, aod 

promoting their use. Second, it has an independent value as it tends to 

s^rve to develop the pilpils' creative thinkix][g. If you analyze the arith-^ 

I- metic texts for the primary grades ^the ones by Pcheiko and Polyak, or 

others), you will quickly note that a substantial niAinber of problams serve 

ta instill mathematical concepts and laws , (the concepts of difference and 

^^1 ratio, the operation properties, etc.). Other problems are aimed a± 

/ ' . ' . > , 

teaching 'pup i^ particular tsjethods of solving • These are the so called 

•"type-problems." In a4dition we find, in the third- and fburth-grade 

texts, a section of V interesting" problems, consisting of extremely hetero-, 

geneous problems such as somewhat more difficult type -problems, examples 

in story form, and riddles* 

To discover the role of problems in mathematics education and t^o** 

analyze the aritlimetical and algebraic techniques of solving them from 

a psychoiogical standpoint, it is necessary to analyze different kinds of 

problems^ -A study of the problem -^olviijg process discloses the following: 

In all cases the children must perform two basic mental operations — analysis 

and' abstraction. The pupil has to analyze the condition of the problem ^ 

into the daTa and the unknown^nd choose 'an. appropriate arithmetical opera- 

* tion. He must abstract from the, subject of the problem and translate into 

mathematical language, so to speak, the relationships between the data ,and 

* the^unknown which are'' described in the text ^ in everyday tejnas. 

Wlien he advances to problems in two operations, the pupil's zone of 

choice is broadened. He must phoose not only the operation but also a^ 

pair pf numbers from several given in the condition, it, however, the 

'composite problem l^as only ^two numerical data, he iff^required to provide 

an intermediate datum from the condition, and here again the »hoice^of 

the intermediate datum is determined by what must be found in the. problem. > 

It is determined b*V the^qu^stion which the j^felSlem raises. 

Let us investigate the processes effected in using the algeBraic 

method of solution, which presupposes setting up an equation in these 

elementary cases. First, it is necessary to determine the possible 

methods (and their psychological meaning) which form a transition from 

arithmetical, solution to solution using an equation. Setting up a numeri- 

car formula (not after solving and obtaining a result, but before,' when 
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theCunkaowu had not yet^been determ^.ue<i) is such a transitioaal form. 

Let us consider as an ' example l^ow-^tformula is used iu two single- 

operation prOblei^s. In the direct I)roblaln^ / J . * 

- ■ ' \ 4 i ' . ' 

' There were 7 apples, of which 4 weftre wten. How many 
• apples were left? \ . " • 

the unknown is the number of apples left, and the relation between the data 
and the unknown can be expressed by fchfe equation 21 " ^ ^ ques-, 

tion mark is used instead <jf x) 7 - 4 *u? 

In the reverse pi^oblem, expressed indirectly: ' * * - 

. There were several apples. Pour were eaten and 3 

were left. How many apples were thet,e at first? 

* the unknown. is the initial number .of apples, and the relationship is ex- , 

pressed by the equation x « ^ + 3.^ \ 

Comparing the artthmetical method of .solving with the one which 

'approaches the algebra'ic ,**we must pay attention to the*following circum-- 

stances. At first glance, the use of._x intr^duceis nothing new and specif * 

* 

ic into the problem-solving -process , and in the right-^hand side of the 
equation, we are dealing essentially with a numeric^sl formula* But 
thfere ^s one essential p^chologicral poinf Xhat should be considered- here, 
l^hen we tell the pupils tfc write an equation before solving, they are 
faced wit^ a special tast: find'ipg the unknown, designating by x (or a 
question mark) what is unknown ancNms t^ be found in the problem.'^ .^^^ 
unknown (in* the firs^i problem, "How^^ Ipples w^re left*— in the second, * \^ 
I '*How>jnan^ apples ware there?^') determines thi^ numerical formula (in the,^ 
firsi: case, 7 - 4; in the second, 4 -h 3) . Determining the^nknown tliusj ^ • 
becomes the central, special task. 

Psychoiogically it is also very important that the pupil be required 
not simply to repeat some part of the condition. Indeed, pupils do this 
^constantly in answer to the teacher's question, **What does the prbblem . 
a#l62 but not uncommonly, this turns into an empty formal repetition of 
the final question, which does not make the pupils, aware of the unknown 
as 'distinguished from the available data. The psychological faq^torS 
involved setting u^ an equation is something else. Here one may not ' 
limit oneself to repeating part pf the text. One need^ to reflect upon 
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the ^hole text of the probl^em, breaking itxdown into* the unknown and 
the data, and to write-down the re^lt of this reflection in expanded 
form on ♦the left and right side* of, the equation, ' ' 

The use of x has anotlWr impoct^nt advantage in this case; By^ 
di reciting the problem solver^ to look for the most general feature — 
v^'this is not known," "this has ,to be found," it should hasten the pro- 
cess of al^tcacting fronr the nonessential story aspect of the condition. 

At the ^ame time it shpuld be stressed that setting up such an 
equation (even in the simplest foirin) presupposes that the pupils a^e 
able to read the condition carefully,^ to understand the meaning o^K:he 
concgp'ts used, and to* represent dearly the situation described in the 
problem. And tjiis ability is adiquired when|(^sing the arithmetical method 
of solving problems So in this respect, atithmetip 'is necessary for 
algelrfa. ^ • * 

; A significant number of ^arithmetic problems in, two or more opera- 
t ions can be solved, like one operation j)roblems, purely by arithmetic. 
In this case, however, writing down x brings something riBw Into the 
so-lving process • Let us show this by the example of solving a two-opera- 
tion problem in\ first p,rade: 

There are 6 liters of mi>k ini-one milk can and in 
anotherVan 2 liters more than 'i^ the first. How much ^ ' 
milk is th^je in both' milk cans? - ' 



Chi!^dren solving this prdblem often make the mistake of fusing ^wo 

operations into' one. They add 2 liters and 6 liters, and whan they get 

the result, they feel they have answered J the final question of ^ the pro"b- 

lem. ^at^good is it to write the equation x * 6-1- (6 -f 2) ? Here again ^ 

the unknown, or what is sought, is separated froi^ what ^ giv^n, Wd the 

necessity of writing out the data should help in ^identifying'^ the two 

'operatiofts — bot}^ the intermediate and the final one, 

^ Setting up an equation gives the pupil a chance to ^ur\fey the whole 

system 5f interrelationships expressed in the problem* s condition, which 

he does before he solves the problem wi£h numbers. .When a ^jroble^!^ is** 

solved by arithmetic , without .first setting up an equation, the pupil 

cjften is so absorbed in solving a particular .problem and concTentrates 

so hard on the calcula^tions that he overlooks the mathematical 

19^ . . ' , 



r 



^structure of the proTsleia as a wRole and the systeai of interrelationshipSi. 
coxmected with it. Solving equations of the types cc^idered does fiot 
yet require mastery of spec^^ algebraic apparatus > since operations with 
the unknown are unnecessary • 

Among the' problems^ cited* above was a problem expressed in indirect ^ ^ 
form: , ^ ^ \ • 

There were several apples.- Four were eaten and 3 were ^ • 

left. Roifj many apples v^ere there at fir^t? 

To solve 'it, we devised the equation x " A + 3» One can, however, *set it * 
\xp difftererftly^ x ^.-^A » j|3-^ And this equation, thongh it calls for an 
operation with the unknown, cak be solved without using algebraic appara- 
tus — by knowing the relaction between the components o5 the operation (in 
thfe case, that the minuend equals the subtrahend plus the^ difference). 

. * Aii equation for a*divisix5n probleaa: can be constructed 4nd solved 
analogously: * . . , . 

^ Twelve meters of cloth were used ^o make' all the 

dresses, 3 meters for each dress. How many dresses were 
made i& all? 

In thlQ case x denotes the number of dresges, and the equation has the 
form 3x i2. Here again tl\e equation can easily be solved on the basi* 
of what is learned in the arithmetic course — one of the factors is equal 
to the product divided by the\>ther factor* ' 

It 'should ba noted that solving problems witS equations which call 
for an operation with the , unknown would^not seem, to be any simpler than ^ 
sblving ty arithmetic. On the surface, the reverse is true. In solving, 
for example, division prc/bleras by the arithmetic method, the reasoning 
consists of one step, and accordingly, one operation — division — is per^ 
formed immediately, w^e^teas in composing an equation, the reasoning 
consists of two steps: first ,tlie operation on the unknown — multipli- 
cation — is designated, and only then is the division written out and per- 
formed. ' , 

But froip the purely quantitative aspect of solving, the arithmetic 
method of solv^lng is somewhat more difficult psychologically, since it 
assumes qualitatively original ways of thinking which differ for every 
j^roblem. In this case, for example, it is necessary to imagine that^ as 
many dresses will be made as the number of times 3 meters is contained 
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in*T.^ meters, and when solving the indirect "apple" problem it i*s necessary 
to choose the operation of addition, which contradicts the terms in the 
text of tHe problem ("were eaten," 'Vere left") which are closely linked 
with subtraction in the child *s experience* By contrast, solving a prcft- 
\em by an equation supposes a method of re^oning characterized by greater 
uniformity and varying little for various problems* The ^inknown is 
singled out, its quantitative relationship with other data is detemiined, 
and so on. The do^rse of constructing an equation in solving an indirect 
problem re^J^ects the cours*e- of the everyday actions described in ^e prob- 
lemi' J * , 

If X is the initial number of apples, and 3 apples were 
eaten, then 3 must be taken from x. , 

The qualitative diversity df ^^ arithmetical ^solving methods^ and. ti^a',* ,^ 
uniformity of the algebraic are even more striking in solvipg type- 
problems. In them, se^tting up an equation helps Significantly. "to- aimpli- 
fy the solving process. This proposition is true primarily for, pi^oblems 
which require an arUd^trary assumption, arfart if icial transformation of 
th^ condition* Among others, sum-and -ratio' problems , data-equaliz^g 
problems, and substitution problems belong to this cat?egory. F.or example: 

Ten books "^nd 20 notebooks were bought foji 2 rubles. A 
book is 8 times as expensive as a notebook. How much each 
do a book and notebook cost? . ^ 

solve this* "substitution" problem by arithmetic, vJie have' to resort to 
a^ artificial method, supposing that only notebooks wer6 bought, and 
Accordingly concl^iding that 80 notebooks can be bought in ^lace of ID ' . 
books .(naturally, the children find this train of thought difficult and 
cannot do it by themselves Tlien we the total number of notebooks 

(80 -f.20 .100) , then the price of each notebbok (2 riibles : 100), and . 
so on* . . ' 

The algebraic method of solving does not require any artificial 
assumption. Real correlatidtis are reflected in the process of devising 
an equation:" "The cost of one notebook is x* Th^n the cost of one book 
^^^s 8>^. " It is quite easy to devise the equation , . 

(8x)10 + 20x = 200.* 



There are 100 kopeks to a yuble (Trans.)- 
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One can assume that solviiig such an equation vlll be fully within the 
abllfties'of primary schoolciiilcEt^n, since it is based on the knowledge 

, of arithmetic they acquired earlier. ' * \ ' 

4 . ^ 

80x + 20x - 200 

' ' ; lOOx; - 200 y 

X - 200 100 , ' 

* 2 (kopeks) ♦ > 

* ■ s 

•Among the interesting problems there are quite a few \rfiich ar^ 
solved much mor^ easily with ap eqiiation. / ^ ^ 

We have been considering problems in which has always d^signat^d 
the. final unknown. There is, however ^ a category of prolslems in which it 
is expedient to solve by* taking for x not the unk&.wn expressed in the 
problem's final question but one pf the intermediate ones. Let us -give 
an ejicample of such a problem:' ^ * 

I* 

On the first day, 84 kilograms of cake were sodd. On 
Uie* second day, 192 kilograms were sold, and 8 rubles, ' 
64 kopeks more was made on them than on the first day. 
How much money in all was made #n the cake in the two 
• ^ days? * . ^ 

In this' ease, designating the final unknown by 3C would greatly compli- 
cate the solution of the problem. Analysis of the condition^ make^ it* possi-' 
ble to choose the cost of one kilogram of cake as the unknown to^ be desig- 
nated by^x. "Tlien it- is easy to construct^^^^-- equation: 

" 192x - 84x • 864, therefore 
108x - 864 - ♦ ' , . • 

X » 864 : 108; ' ' 

But a legitimate question ^ri3es: To 'what degree is it expedient to* 
Vesort to an equation in this case? Indeed, when a ^>upil cloose the cost 
of |one kilogram -as an intermediate unknown by analyzing the problem's 
.condition, he had already in fact solved the problem arithmetically. The 
arithmetical solution o*f this problem is made much easier when the con- 
dition is written schematically: 

1 — 84 » 
II — 192 — 8 rubles 64 kopeks > than in I. 
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With suoh a schejnatic natation,- the pupil can survey all at once 
the entire system of interrelationships contained in the condition (as 
he did in writing an equation), which' provides . a basis for choosing an 
operation to' solve the first particular problem by looking ahead and 
realising that later the cost difference is mentioned,- and therefore he 
must not add the number ^ of cakes sold the first and second days but must 
f^Yid their difference. This operation is necessa^ sq that the cost^of 
one' ki'lo gram may be determined. Thus a pre vis ioir of subsequent operations 
occurs here. 'This is aHiigher form of the analysis , which playS a most 
important role in solving any creative problem. Enrichment of the 



tkought process by t\is form of analysis is essential iti describ4.tig_£he 
solution of arithmetic problems and may serve as a criterion for judging 



leir psychological and educational value. 



1 



^ \^|)art from problems for \^hich the arithmetisa^l. taethod has a certain ^ 
advantage over the alg^raic (on# sucK problem was ji^st ^discussed) , there 
■ are others to which the\lgebraic method is generally inapplicable (true-, 
there are feW of them in the arithiriatic workbooks) .. These are problems 
which have to be §olved by comparing numbers : 

Twenty-five birches and 32/poplars grew in a schoolyard. 
\n the fall 10 more birches w^e planted. Then which trees ^ * 
'were there more of, and how many more? (ProblemJIo. 358 in 
4^e second-grade text by Pchelko and Polyak.) ^ * 

So what conclusions can be drawn from our comparative analysis of 
the process of -solving problems by two methods—by arithmetic and with 

All this material shows that both problem-solving 



the aid of an equat- 
methods essentia%^'^upplem^nt each other. They reach the same goal 
but in different ways. The al'lgebraic way is not always the shortest and 
most economical. The expedienqy of using one method or the other depends 
on the nature of the problem. 

In certain cases, both methods are approximately equivalent and can 
achieve the goal with the same effectiveness. In other cases, one turns^ 
out to be more, effective, and the a,dvantage ' might be either on the side 



' -^For the r^t of this chapter wc refer to the standard arittunetic 
^textbooks published in 1964. 
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of the equation method (as people usually think) or on the side of the 
arithme^tical metho/1 of ^solving, ^The latter ufeually occurs in problems - ' 
in which is^ more useful to designate an intermediate unkxiown by x 
than the, last unknown expressed by the problem's question. Then it is 
» necessary to carry' out 'arithmetical transfoi^mations, and to a large ^ 
extfSS^>^onstructing equations no longer makes sande, . 

We suould isolate three basic categories of arithmetic problems 
according to the type, o.t^^'^^ation which can be set up to solve them. 
The first kind of problem calls for an equation on th^ leSt lai^ of 
which is X, the unknown, and on tjhe right a numerical formula. This 
.equation is easily solyed by a^pilrely arithmetical method. The. second 
kind of problem results in an equation which dalls for speratiSns with 
the unknown, but here 'the equation can be' solved arithmetically by using 
one's kiiftwledge of the relationship between the components of the opera- • ^ 
tions. finally, the third kinji of problem also calls for equations, 
requiring operations with the unknown, but here the equations can be solved 
only if the: student has mastered the special apparatus of algebra 
* (reducing like terms ,^ etc) • * ' • 

« The isolation of these three categories testifies to the existence 
. of varijAi^ transitional forms of study activity between the arithmetical 
and algebraic. Ttiere is every reason to believe that these ^transitional 
V forms should occupy a very prominent position in primary mathematics 
education. It should be stressed that some of them have already been 
{sed in practice in our schools, although s^till.on a limited scale. 

The game of ''Gue&s the Number" is employed as one form of mental 
calculation as early as the first year of school and is essentially 
nothing but an^elementary form of using x> the only difference being 
that an empty square takes the p*^ce of the algebraic symbol. 

In the later grades, x is introduced in solving examples (see 
Pchelko and Polyak's third- and fourt^Hgrade texts) ^ With this in mind, 
pay special attention to p^ge 91 of tlie third-grade book, where examples 
with x are first introduced, and the pupils are asked what, is known and 
what is unknown in the examples. Afterwards, they are told to compose and 
solve a problem, using the relationship between three quantities: 1) the 
price of one meter, 2) the number 'of meters, and* 3) the cost» The problem.^ 
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cites numerical values for two quantities, designating the third (the 
unknown) by x. (accordingly, three possible ^ways of making up the prob- 
lem ai^ suggested)'. This exercise leads directly to solving problems 
with an equation* Construction of r^jf^erical f ormulaa^or a problezn 
already solved, or the ireverse (Gonstruction of problems *on the basis • 
of a specified nttmerical formula), plays an analogous role* The&e 
, exercises have- a definite place in arithmetic instruction in pur schools, 

although various teachers treat them differently and introduce them in 

2 • * . ' 

different grades. ' • 

• . Apparently it is necessary to include forms of working on an arith- 
met:^ problem which call for constructing equations of various types 
an4. degrees of complexiT:y (before the problem is solved with numbers) • 
One should take into ^consideration the data cited above demoMtra^:ing 
the positive role which» equation-construction can play in solving prob- 
lems that vary in difficulty — direct and indirect, orfeToperation or two- 
operation problems — and the more difficult typ^ problems • As was shown, 

« 

the analytic processes (and the first stage of analysis,^ breakdown of 
the condition into the unknown the givens, or data) and abstraction 
fi^m the story and calculative aspects of the problem are processes which 
are'facilitated by constructing equations. 

The advisability pf using equations which pupils can solve by re- 

,J.ying only on their knowledge of 'a:^ithmetic can scarcely be doubted. In 
this case,-r the proper system of introducing this material, as well as the 
nature and number of suitable exercises, etc., are subject to verification 

, in teaching practice. It may prove useful to solve problems of one kind 
by arithmetic 'and problems of another kind with an equation. Obvi$ousl,y 
it will ^ften be useful to solve the same problem finst by arithmetic, 
and then by algebra (or the other way around) to give the children a 
chanc'e to compare the methods. Furthermore, such' a coiiiparison will help 
to establish the meaning pf'the mathematical transformations and the 



2 

A teacher, t. Kozheurova, succGeded in having the children 
write a problem^s sp.lution as a numerical formula as early as first 
grade [3l], " " 
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arithmetical operatiiona which they perform to find tlv.e value of the un- 
knovm aitet setting up the equation. ) . 

A different 'problem concerns using equations whose si^lutions are based 
on speciaT knowledge of algebra in the primayy grade?. It is necessary^ 
first, to ascertaili the feasibility of introducing this knowledge in the 
primary , grades , since it would hardly be advisable to tell the pupils to 
construct equations -which they could not solve. Then the ude of equations 
in solving problenfe would lose it? basic meaning for the pupils and would 
be totally unjustified. The pupils would be deprived of the chance to 
compare the arithmetical and algebraiq methods of solving, to check the 
solution, and to appreciate the greater rationality. of the algebraic 
method in solving a number of problems. , ' 

From a^l that lias been said, one cannot agree with the current tepdf ' 
ency to undercut arithmetic and to feel that it detrap^ #ro;^ the bksic 
goals of mathematics education. In considering tiie aritWtical ^ 
. algebraic methods of problem solving, we were able to^ show" that arithme- 
tic plays a very important role by teaching children* to perform analysis, , 
. synthesis, and,^ abstraction. These are processes' which are necessary i/i 
mastering any branch of mathematics. Arithmetic problems provide an 
opportunity for pupils for practice in graslping a mathematical relation--^ 
ship and in using a number of mathematical laws (for example, those 
determining how the components and the results g'f an^eration are 
related) ; practice which is essential for ''constructing^ equations. 

Above we' cited the view that solving by arithmetic should^ not be 
. included in the curricul-um because /t is difficult and can he iimnediately 
replaced by the simpler algebraic method. However, we cannot agree for 
two Reasons. First, for certain categories of problems, the arithmet- 
ical ^method is no more dif f icult .^han the algebraic* Second, the very 
difficulty or "problematic" nature of the problem may even have a pbsi- 
. tive didactic use. Tliat i^, difficult arithmetic problems which make 
substantial demands on the ba^'ic t^iought pr«eesses develop the pupils' 
thinking. This view of the jSroblem has be^ very clearly crystallized 
i-h Soviet methodology and is shared by many progressive teachers. "We 
mathematicians think nothing of giving pupils assignments requiring them 
to overcome .difficulties, beginning in the lowest grades," writes 
Pokrovskaya. She continues, "Work that calls for no effort from the pupil 

' / 
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has no educational value [51]." The positive role played by problems of 

increased difficulty is elucidated by Shor [61] and Sl^tkin [^3], who have 

carried out special research. The latter, together with a teacher, N. 0.^ 

Zharova, experimented with difficult problems in the fourth grade. 

Although only a separate group of students solved them, not onlyithey, but 

the whol^ class became su^re interested in arithmetic, . 

Many have written about the interest thus aroused in intellectual 

effoVt and in independent conquest of difficulties including both the 

methodologist^jpolyak and Honored Schoolteacher of the RSFSR, V, K^' 

Monastyreva .of Vologda • The feelings which arise in connection with solving 

"* • 

hard problems were well communicated by one fourth grader: "I like 
solving hard problem^ best 'ofy all, Wlien you solve' problems like that,- 
' you get a speci-^1 kind -of stubbornness. It glve^ me great pleasure to J 
sit oeer a probj-em and destroy one solution after another and then un-- 
tangle the thread, of the problem." '.Finally, in vindication of the value^ 
to a -mathematics cour^se, of solving problems by arithmetic, one must* note 
the (?)>ief point: operating wjtth^i^aumej^'ical d^ta.ties arithmetic* directly 
to life and creates the only solid basis on which the ability to operate 
with abstract mathematical symbols can be formed* ^ • , ' 

Solution of problems in general form, using' letters to designate 
specified and unknown quantities, should be introduced as a generalization, 
aft.er a number o^ problems have been solved with specific numbers. In 
teaching practice, however-, alge^braic generalization of the very r inchest 
factual material, which the children have been acfcumulating since the 
first grade, is put off for a long time, 

AritKlnetic and algebra thus are rigidly divided. Upon careful analy- 
sis of the present curriculum, one g&ts th^ impression that pupils in the 
primary grades are protected against the general conclusions for which the 
- previo^is work seems to have made them completely ^eady. Such an attitude 
could only be* justified if it were prov&d that making suitable generally- 
sations is in fact beyond the ability of children in the first through 
the fourth grades. 

Data from recent psychological and didactic investigations, however, 

3 1 • 

From a manuscript by Polyak. ' 
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spacially devoted to' studying the cognitive possibilities of grimaty- 
grade pupils, testify to the dlfact opposite. The^e investigations co- 
gently demonstrated that under the current instructional' system (partic- 
ularly mathematics instruction), the children's cognition^ is not used 
. to the fullest • The children's ca^pab^P^Lties for ^generalization and ab- 
straction, moreover are p^'ticularly underrated* It was shown that this 

w ■ 

underestimation leads to artificial suppx'ession of the pupils' develop- 
-inent in* the process of instructiony XSee the works of Zankov and hi'b 

collaborators — for 'example, [74] - ' ' ' 

y 

In# connection with this one ehould^ naturally consider an ^rlier . • 
introduction of the ele^nents ofyalgebraic symbolism. Data from* numerous. . 
psychological investigation^ pljC.^ that heavier and more extensive reli- 
ance on generalizations in/arithmetic instruction ie pne of the best 
ineans of increasing ^^©ad^ng effectiveness. Therefore there is every 
reason to suppose . that jjllements of algebra, if introduced through a 
generaj-iisation Of arithmetical facts, will help to raise the level of 
mathematical %0owle^e, and 'will, in particular, help improve the 4^ 
assimilation of arithmetic^ in the primary grades. 

One of /the ^ibost important problems of the psychology and ti^^thods of 

mathe^patics te^^hing, not yet solved -decisively, is t^ system according 

y t 
to which arithmetical and algeb^raic .questions should be considered; to 

wh^t e^tentj^^in what form, on the basis of what exercises, and in, what 

connection >^ith arithmetical material can elements of algebra be included* 

in the introductory course for the primary grades? It is perfectly clear 

that all these questions can be successfully answered only on the basis 

of experimentation and verification in wide school experience. 

In recent years, experimental attempts at introducing elements of 
algebra 1^ the primary grades have been undertaken by a number of investi- 
gators. Each attempt deserves the greatest attention, eispecially consid- 
ering the importance of the questions raised and the role that^ the resuj^s 
•of the^e investigations may play in the subsequent fate of t^thcmatics*^ 
education in our schools • \ * 

But before we consider the preliminary results of this research |. 
(the fifth section is especially d€;vpted to this questipn) , it is 
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necessary to inquire what shortcomings* in teachl^ problesa giving are 
observed in current school practices and wh^t methods* can rationalize the 
met^dplogy of teaching pt^blem solving, regardlessvof the answer to the 
question ali>eady discussed — how to introduce elepients of algebra 'intio the 
elementary mathematics course.* '.l 

2, Basj^ defects in teaching problem solving 

Two fundamental striking and closely-linked* defects in te^hing prob- 
Xem solving must befnoted. These are the imwarranted wordiness of reason- 
icig and the fact that the teachey implements it, thus condemning th^ chj.1- 

- ■ N 

dren to passive imitation of this reasoning, 

Wi^n feolving a problem, pupils usually take the trouble , ta-correctl'y 
reproducea definite course of reasoning, rather thSti seeing and bring- / 
'ing A> light the mathematical relationship hidden in the problem U (fondir- 
4:iow. Th^s^ shortcomings of practical ^i^^truction are, to a significant 
extent, predetermined by the method of presentation of the problem in our 
m^^odological literature, wl^ch gives primary attention to the teacher ^s 
-role in explaining and analyzing problems. 

Methods manuals and articles emphasize .the way in which the teacher 
should read the text of the problem, brie^ write its condition on the 
blackboard and explain it with a sketch or diagram. We are told in gr6at 
detail how the teacher should analyze the problem, and so on. B^t ther^ 
are extremely f erT^rectibus about* the pupil ^s rple^ ^ acquiring the abil,- 
ity to solve problems by himself;" 

* All the same, the method £>f the so-called ''analytic" breakdown (from 
the problem's question to its data) which has *een widely disseminated is 
one in which the 'teacher con'5ucts the analysis himself while the pupils 
are required only to answer the questions the teacher asks; the questions 
are' strictly regiJlated and are asked in the same stereotyped form (see 
.Cl3)ter III of [5]). ^ ^ 

In this analytic method, a long enumeration of "wlxat we know, and 
what we do not know yet" artifically complicates the solution of a prob- 
lem which can easily be solved by studying the condition: factual analy- 
sis of both the data and the unknown. 

To^a^ertain the value of the analytic method, a number of investi- 
gat ions were ^performed by Kalmykova [28], Bogolyubov [3], and others, 

J 
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It est;0blished that when this jxiethod is estfeafiively used, students 
fail to acquire skills necessary for it&ependent analysis of a ptoh- 
lem; tjiey learn certain 'stereo typed forms of reasoning^ which, they can 
apply only* to problems which the teacher has already explained how to 
solvfi, or to problems like them, ^katkin wal profoundly correct when 
he asserted as early as 1947 that the analytic breakdown of a problem 
(without synthesis) cannot be used to find a solution; at best it can 
only explicate the result after the problem has been solved [62; 63]. 
The solut^ion of jsroblems b^ this method is excessively prolonged 

(if, of course, we are talking about a problem requiring several opera-' 

^ i . ^ . 

tions) . When a pupil rejisons during the solution of a partial prob- 
lem, he overlooks the remaining steps, ceasijig to be'*aware ^e prob- , 
lem's condition's a whole,. Although when carrying out ^ analysis the 
pupil proceeds from the unknown, he^radually . forgets this unl^^wn in' 
the course of solving. It l&^t amazing that, as a rule, pupils ana- 
lyze a problem success fuljky only when the teacher continually inter-- 
f^r|es in the process^-^oddlng them to perform the next|step of analysis. 

' But there is one widespread negativa^eature in the teaching .of 
problem solving that is also characterized as /Verbal , over-indulgence . " 
It mqst often occurs in so-called ';sytithetic" breakdown Cfrom the data 
to the question) , in which the pupils a^ required to formulate a ques- 
J:ion each time they solve a problem ("l-Je find out such-and-such from 
the first operation," etc.)- But again, through the misuse of "verbal 
reasoning," the extent of the pupils' independent practice in solving 
varied problems Is unjustly restrfcted, and it is this work that is most 
important. 

As we will show ^ater, both the elemeq^s .of analytic breakdown of 
problems, and the formulation of questions before ca^Trying out opera- 
tions, are fully admissible in teaching practice, but under particular 
conditions. They should be used only within strict limits, without 
standardizing the procedure of -stJlving problems, as commonly happens. 

But the point is not jusp that these widely practiced methods of 
working on problems leave little room for the pupils to practice solving 
problems by themselves. There is the view that, in general, only 
•those problems whiclA .^e teacher has explained earlier in Slass (or 
analogous ones) ma)f:pfe given to pupils to solve ^without assistance.^ Even* 

I 
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'one of the better methods manuals on teaching elementary arithmetic ^ 

(Pchelko*s) laakes such a recommendation [48]i* 

v.. Under these conditions, try giving pupil^a in the elementary grades 

a problem they have not solved with the teacher. The overwhelming major- 

i?y will refu&e, Justifying their refusal by the fac^ t'hat '*We haven't 

solved' this kind of problem yet." Schoolchilj^r^^ tend to develop the 

habit of thinking that they have to find out from the teacher how. every 

* 4 ' 

specific problem is solved, - ^ - ^ 

With resppat to problem solving by pupils, beginning in the lowest; 
grades, an aim opposite to that which often occurs now should- be created:-. 
<^ One must think over the Droblem; s i qx:e p iethods of solving it are unknown, 
one mu^t find them by cmesel!^s Only^ by, systematically giving pug,ils 
^practice, in searcliing for ways of ^soivdaig problems ]by themselves ca^ thfey 
be taught to think, ' and thus' ca^ they form the ability to -solve differ^pft 
kinds of^problems, ' j ^ ^ 

What tioes ability to solve problems represent? Of what elements is 
it composed? How is it formed? ' . 

I ' ■ ' ' 

3 • Analysis of the abi/lity to solve problems ^ 

The ability to, solve problems, like any oth&r ability, presupposes 
knowledge of techniques (or methods) of carrying out operations. These 
.operations should be executed according to definite, general rules, which 
promote a rational approach to a problem.^ 

What are thes^ rules? Are they stated in the methodological iitera- 
■ ture, and do teachers, use them? These rules do exist, but they are not 
spelled out in our metfiodological literature devoted to element^ary mathe- 
matics. At the same time, every person who knows how to solve aritlmetic 
problems conforms to these rules* Let us state several rules that are. 



We have described the basic shortcomings in teaching how to solve 
problems in the elementary grades. Tills d^es ruot mean that worthwhile 
methods of teaching problem solving^ are never found in the experience 
^•of individual teachers and methodologists . We will repeatedly refer to 
this valuable experience in subsequent exposition. 

^This doas not mean, however, that, the pupil cannot solve a problem 
before lie-^ has become aware of methods of solving it. But we will consider 
as a full-fledged skill *one that is grounded in a distinct awareness of 
these methods. 
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our opinion, the most important^ 



1. Do not start^calculatin^^until you have carefully 
studied the condition of the probiem as a whole: 

a) ' In reading through the whole problem, pay- 
particular att&ftion to the question; 

return to the problem*s condition and select 
• , related data; it often helps to, write out the condi-- 
tion briefly; , ^ ^ 

c)^Uf problejES of a familiar, sort can easily be 
distinguished J-n ^ given complex problem,*\ solve them; 
then the .problem is less complex and w^l^5& easier 
to solve • i 

• 2, In solving a hard problem, use different 
methods:^ * ' ' 

a) first, try to imagine exactly what the problem 
is talking about* To do^ this it is helpful to modify 
the problem: replace large numbers with small ones, 
invent a similar problem from your^yn life or, the 
reverse, ask yourself .vrfiat you knowfrom the condition 
and what you need to find out in t» problem, and try 
to reproduce ^ts contents in mathematical language; 

b) a drawing or diagram made ill class can help 
greatly in solving a difficult problem. The drawing 
or diagrto should .,express the corrfelationa between 
the giv^n and the unknown (the que;8tion)^ When 
making a drawing or diagram, check, yourself contin- 
ually and construct the drawing from what is said in 
the text of the problem. Watch for mistakes in your 
drawing. If you find a mistake, correct it at once; 

c) once you start to solve, performing every 
operatipii with numbers, keep asking yourself what 
you have 4^rned. by this operation and whethervit was 
necessary'to perform this operation in terms of the 
question asked in the problem. 
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3. After completlog the splution, return to the problem's ^ 
question and check whether you can given an exhaustive answer to 
this '^question. 6 . . ^ . 

Methods of introducing these rules need to be. carefully tested in ^ 
teaching experience. At present, such testing Kas begun in the^V. I. 
Lenin School (Moscow, Lenin Hills) . The^eacherS are askeS to look for 
the inost successful form of communicating the rules to the children^ A^ 
fourth^grade. teacher, A. P. Voronova, has linked connnunication of the ^ 
rules to '^n analysis of mistakes in^Jupils' written work. Depending on 
the kind of mistake a child makeig^ the teacher writes in. the child s 
notebook, '*Read the problem's /ueatW carefully," 'Vrite out the condi- 
tion briefly,^' etc. [39, p.p. 50-56] • 

Checkiilg is^ essential in mastering\ny skill. In solving arithme^ 
tic problems it takes the following forms: T^e pupil constantly com- 
pares the solution with the problem's condition and question, recognizes 
a mistake if he has made one, rejects a wrong operation and replaces it 
with another, checks th^ result, and so on. ^ 

Every teacher knows that children's inability to solve a problem 
is characterized primarily by a complete absence of checking* The 
pupils in such cases ask some questions, do a series of arithmetical 
operations, but never ask themselves the most important quest ion^-wbd^-^ej^i;!];^^ 
everything they are'doing is correct, whether it corresponds to the 
problem's requirements. And only the impossibility; of doing a numerical > 
operaWon can stop, them, can hinder the© from continuing their thought- * 
less. and unchecked activity. 

Developing the habit of checking one 'own work, in schoolwork in 

_____ \ V-' 

* ^A few words are said regarding the significance of rules of this; 

kind in [59]. This question is given much attention in a book by ihe 
K^vLuzh methodologist Voronin [70]. He formulates- a ^ries c'f rules; ?:hat 
determine successful problem solving in the secondary grades of school. 
Of th^ foreign literature, Polya's How to Solve a Pro blem [52], trans^ 
lated into Russian, should be mentionVd.' This book is of interest eya,u . ' J 
for the Soviet teacher. Of primary importance in it is an attempt to 
list rules that' facilitate mastery of effective problem-solving methods, '-^ 
But in terms of substance, manjr of the rules require revision and " • 
supplementation. 

The rules we have formulated are based on the data from our investi- ^ 
gatlons and teaching, in the Soviet school. 
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general, aud £i:rlthinetlc in particular, ^should be a very ijapor*taat task of 
^lementary school educationV In the middle and upper grades this problem 
is given much attention (See 119]), but ^uccegs can be attained only if 
the childreix have been learning in primary school to check themselves in 
the simplest form of school a|uj work activity. 

Practical experience is needed to form any skill, but this experience 
can var^ in character, depending on Ae complexity of the skill. Thus, ^ 

J to develop simple, specific skills (for exampi^, arranging numbers correct; 
in written calculations), uniform exercises, which teach pupils the same ' 
syst^ of writing ntixsib^s, are necessary. Otf'the other hand, to develop 
more complex skills, the kind needed to solve problems, varied experience 
is necessary, in which the pupil encounters. Various conditions requiring 
hiia'to modify the specific methods of solution being applied, to choose 
the most rational of them, tp vary to a certain degree the general tniles 
which determine a successful solution. 

Though general, the problem-solving ability, like all other abilities 
lends i-tself to development, but we require a special system of , exerc:kses 
which make the children want to think creatively and which interest them 
in sol vingv example problems by themselves and therefore in se^jxching for 
tiie most rational ways of solving them. Independent composit^^oti (and 
Qdiution) by pupil^ of problems on numerical material from their environ- 
ment, p3^f^Tems related to their practical activity, should occupy a - 
larfe place in this system of exercises. Only if unassisted problem • 
solving is organized,' if difficulty irt' solving grows gradually, so that 
surmounting it is within the pupil's powers, will his interest in solving 

•^creatively and independently be s.ustained and eventually become a need. 

' , The general atmosphere of the work of the class as a group helps 
gpeatly in this respect. The atmosphere should be otte in which when 
the teacher systematically encourages the pupils* to use various methods 

/of solving, and prods them to look for the most rational methods. The 
pupils, experimenting on th^ir^wn, should become persuaded visually of, 
th^ advantage of some method which they have found, and then modify solvit 
techniques of their own accord, striving to find and use the most 

' rational. 
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As instruction proceeds, the system of skills which ti^ pupils have 

to master is enriched sequentially. Jiew skills are built onto those 

acquired previously. At varipus stages of .instruction, according to the 

complexity of the problems being solved, a mental operation (or a number 

« 

of them) ne^i^ig special mastery by the children in their independent 
practical schoolwork comes to the fore. ^ Problems to be solved should help 
•to fulfill this aim. For example, when the first story proble&s are being 
solved in first grade (in one operation), the process of choosing an arith- 
metical operation becomes important. Therefore, special exercise's should 
be created so that the pupils can learn this process practically. 

There is another general question concerning the systQi;;! of problem 
selection — the" correlation between prepared problems and the ones thfe* 
pupils compose by themselves. What plac^" should the latter categor^r^f 
problems have in the total system? There is no scientific answer to this 
question, an4 In practice It is resolved in various ways«^ * * 

In the ^extbooks 'for the various grades, assignments for making up 
problems are introduced in the most diverse sections and in various 
relations to prepared problems. There is, however^ a definite tendency 
in the textbooks to introduce problem composing- after the children have 
solved an analogous prepared problem* The opposite approach has also 
found expr^sion in the methodological literature., The Polish methodolo- 
gist Elen^ska puts it into words quite pointedly. In speaking of how 
much easier dt ;Ls for pupils to solve p^roblems they themselves have con- 
structed, the authors resorts t^ a figure of speech: iiThe more we know about 
how the knot was tied and the noose was t'^itened, the easier it is Vo un- 
tie the knot [16: 151]/' ^V^. . 

But it is impossible to agree with that attitude. In the first plape, 
the person who tied the knot is not always aware of how he tied it, and, 
in the second place, in real life a person, as a rule, comes across knots 
to untie without knowing how they were tied. Of course it is easier for 
a pupil to sol\6e a problem he himself composed, but solving is not the 



^Another question— how to selelt various kinds of proble^ to compose- 
fs better elaborated. It is answer Jd in a paper by the teacher^ and metho-^^ 
dologist Solov'ev [65]. A few amendments to his proposed system have been 
introduced on the basis of psychological research (see [37], Chap. VI, and 
[31]). ^ 
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basic objective here,. And therefore one Can by no means conclude that 
solution of composed problems should always precede solution of pre- 
pared problems » ' ^ ' ' ■ 

From observation ancf psychological research we know that in the prob 
lem he composes, the pupil most often reflects a mathematical structure 
'which he has mastered very w^ll. .But teaching should lead the pupils 
^forward, create new difficulties and have them encounter more complejc 
problems , and -once they have unraveled them, they themselves can then 
"construct" at a new, higher, level. • 

Thup'V ^ n\imber of cases, problem cotigtruction should immediately 
follow solution of a prepared problem. • But it 'is especially necessary 
to choose suc^ a form when the -teacher composes a problem before the 
children's eyes, enlisting their services* IJiis is an J-ntermediate form 
between ^vprepared problem and a problem made by the pupils themselves^ 
It may' precede solution of a prepared problem. Popova, in particular, 
recommends this form [56, 57], 

The effectiveness of this form when work is begun on a problem, 
and also the feasibility of employing it at later stages, requires 
^jjd^tional testing in teaching practice. (Elen'ska^s book gives much 
attention to this form, of constructing problems, but the principles of 
its use are not absolutely clear [16]*) 

4 . Fundamen tal questions concerning the methodologyr"t5^ ^ ^aching 
problem solving 

Oue feoal is to describe briefly a methodological system of exer- 
cises which facilitate development of skill in solving arithmetic prob-- 
lems. In connection with this, our attention will focus mainly on 
determining the most expedient type of exercise,.- conditioned by the 
psychological nature of the skill being formed and..^?y the nature of 
the mental processes which the pupils are to* master. But the number 
of exercises of a certain kind, and their specific content, should be 
determined by the teacher himself , taking account of his pupils* level 
of preparation^ * 

The specific exercises we shall cite should be considered only as 
illustrations and could be replaced with others. A teacher *s initiative 
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should be unlimited in searching for the most effective teaching methods* 
We are considering the system of exercises suggested here in terms of ^ 
various categories of probl^s, from the easiest to the hardest. 

Maste^ of problem solving consists of a number of skills which ♦ ? 
constitute a complex system , When a pupil advances to new, more diff i- ' 
cult forms of problems, new ,^ more complicated demands are made on his 
mental processes. And at th$ same time, mastery of new operations depend 
upon skills formed by solving simpler problems. 

We shall be especially interested in the transition stages, when a 
skill begins to be formed^ We shaH especially Consider solution of the* 
first arithmetic problems (in one ogeration) in first grade, when children 
learn how to choose an aritha^tical operation, and then' the . transition to 
solving original problems in the same grade, when the children hav^ to ^ 
choose not only the operations, but also suitable pairs of numerical data. 

.Later we sha^l consider 'the basic directions in v*ich the complica- 
tion of compound arithmetic problems proceeds^ and accordingly, what new 
ikethods should be used to enrich skill solving problems. . 

'It is first necessary to recount the experience children have with ''^ ""^^ 
^^rj^thmetic instruction when they begin to solve arithmetic problems, ^ 
Children have some practice in solving examples — by now they have added ' 
and. subtracted. But since they did so with objects^ and since these opera- 
tions* were imbued' with solid, vital meaning, solving an example and solving 
•a problem at this stage of instruction actually were fused into one 
form of activity. Now anot^r educational goal arises — to show the speci^ 
fic fcharacter of a problem as ^distinguished 'from an example, to separate 
them in the child *s mind. 

The children do not grasp 4his distinction easily, as proved by the 
numerous mistakes in Solving and constructing problems in the first stages 
of instruction in which the children are actually likaning a problem to 
• an- example. Thus, in solving a pr^oblem, they often give a numerical 
answer without* even liaving read the question formulated In the problem 
(indeed, in solving an example, the important thing was to get a numeric 
cal answer, and no questions were asked in it). 



Accordingly, when the children compose problems, they include tlie 
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.out the word '^bought/' In this respect, assignments which require 
,e to compose problems of variable content accordl.ng to a given numeri- 
al formula are also useful ("Construct a problem in whl^ch 5 is taken 
from 10."). This kind of assignment is often encountered in the first- 
grade arithmetic book* When the teacher uses these assignments, he 
must demand the most diverse versions of everyday activities conforming 
to the given arithmetical operation. If, for example, the teacher devises 
a problem that includes the verb "ate*^ for the numerical formula "10 ^,5," 
in addressing the class, he asks the pupils to construct many other prob- 
lems with the same nu&bers, trying*to make them use different verbs: "took 
away, lost, spent, went away," and the like. 

When the pupils begin to read the" text of the problem by themselves, 
a new'goal arises — to teach the chi^tJren, as Topor [66] points out, "to 
take pains to grasp the meaning of | tli^^ t^xt of the problem," and for this 
they have to have special exercises. We mean teaching children correctly 
to single out the question through a suitable voice intonation, not to 
omit certain important words of the tfext that influence the choice of an 
arithmetical operation, and so on. - In this connection, the better 
teachers do not limit themselves to systematically giving the children 
practice in reading the text of a problem, but- show them how important ■ 
a corr:'ect reading of the text can be in solving the problem' successfully . 
For example, V. D, Petrova often says to the children as instruction pro- 
ceeds, "Now Valya read the problem badly and pan^t explain it," or "Katya 
got the answer wrong because she skipped the very important word 'more* 
when she was reading at home." Not limiting herself to these hirISs , 
Petrova teaches the children to watch how their classmates read the text 
and to make appropriate comments. Tims her pupils make rei?{arlcB like, 
"She didn't read the word 'mor^' very well" "She said the numbers badly," 
^etc. 

Teaching the children how to analyze a problem's condition is of the 
most essential significance even in first grade. Ability to analyze the' 
condition in solving one-operation problems presupposes discernment not 
of any one element, but of a whole complex (although still a simple one), 
that is, both data and question. Only through awareness of both comporients 
of the problem can an operation be chosen. 
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This IS) the new characteristic which distiaguiehes a problem from 
an example. To solve an example, it was enough for the pupils to pick 
oiA one elem^t: they extracted one word from the, entire condition and, 
guided by it alone, chose the operation <foif example, "'leas* — that means 
you iiave to subtract") . 

' ) Above we were saying that to avoid such mistakes it is necessary to 
vary the wordii\g in the conditions of problems expressed in direct . form. 
But an even mOre powerful means of counteracting the occurr^ce of such . 
mistakes is the solutic^ of "indirect" problemsL since in these one must .\ 
choose operations ti^e opposite of those directly indicated by. the indivi^^ 
dual words of the text. According to the existing curriculum, problems 
expressed in indirect form are given to^ pupils in the second year of 
school. In, the textbook, they are collected into separate groups con- ^ 
tainlng a large number of problems of one kind. But it is better to 
follow another principle in analyzing problems, by giving the pupils 
problems in direct and indirect fbrm, " alternately . This will teach them 
to analyse the condition of a problem more thoroughly and will^help to 
overcome their tendency to choose an operation on the basis of individual 
elements of the condition. / ^ 

Analysis of a problem' s condition should be the s^^bject of special 
•-exercises, and this is possible only when the center of gravity is trans-- 
f erred from calculation to analysis of the condition. Today *s textbooks 
do not provide material tox such exeroises. It must be selected (^y the 
teacher, or else the children will inevitably consider the point of the 
problem to be calculation, not analysis of its condition. Modern teach-- 
ing practices often make children think this way. Pupils (not only first 
graders, %ut older ones *too) , striving to get to the calculation faster, 
hastily and superficially analyze the problem's condition (or fail* to 
analyze il at all), llaey do not know 'how to refrain from calculative 
operations where the condition calls for it. 

■ Tliere are great and still totally untapped possibilities for pro- 
moting development of the skill of analyzing a problem's condition,, 
First, and foremost, it is necessary to give children problems not only 
for solving with numbers hnt also for another purpose-.-analyzing the 
■Gdn41tions and choosing an arithmetical operat^n. There may be differ- 
"ettt versions of exercises here— giving the pupils a series of ptxjbleins 
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and requiring them to indicate the problems which can be solved by a 

8 ' 
particular operation, or presenting a pupil with a certain px:^l-ein, 

*^ 

requiring him only to indicate the operation needed to solve it. 

This method is recommended by Popova, but to a different and — 
to check how the children use operation signs in problem solving. In this 
connection, the author requires them 1:o write the answer along with the 
operation sign. To teach how to choose an operation by analyzing the 
condition, it is enough to have the children indicate the operation 
sign without writing the answer. 

One should stimulate the childrei^ to analyze a problem's condition 
thoroughly in other ways, too, by having therafind a situation in which 
it is absolutely necessary to pay attentionfto the question. 
* Solving prfiblems with, the same data bdt with different ^questions 
has great value in this respect, sit(ce it 1^ then the question which 

(J^io-tates the choice of various opferat\ons: 

' \i 

'\ 1. *'Vanya had 2 apples, and he was given 3 more. 

Then how many apples did Vanya have? (Solved 
^ by the operation of addition.) 

2. '^^anya had 2 apples, and he was given 3 more. 
Then how many more apples was Vanya given the 
second time than the first?" (Solved by 
subtraction.) 

The second problem belongg^to problems in difference comparison, and 
this^Jcind, atcording to the 1960 curriculum, belongs in second gxaie* 
However, teachers have the opportunity f<p go beyond the curriculum ^sdme-p 
what if the level of preparation of the pupils in the class permits* 

^ut use of this kind of problem can be avoidfed without -exceeding 
the limits of the curriculum, and with this in view one can resort to 
joke problems such as this: 

Bofy^ i^^s 3 apples and Vera has 5 apples. How many 
apples does their grandmother have? 



8 

Tliis method is employed by M. .1.. Horo, as well as by L. E. 
Zainkina and T. V. Titova, teachers at School No. 315. 
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? I. K. Novikov employed this kind of problem ^ccessfully in School No. 
110. After the children incorrectly performed additJ.on to solve the -joke 
problem, Novikov explained the mistake ^ focusing their attention on the 
problem^s question. Children react very^^emotionally to a mistake made 
under these conditions, and subsequently they pay more attention to the 
problem's question. . ■ 

In papers on psychology proof has been offered that the material 
learned best is the material that was the subject of the- person's activity 
(child's or adult's); that is, material on which he worked actively. Theee 
facts demonstrate the importance,, of exercises recjuiring children to in- 
vent a question to fit a problem^s condition. Active work in composing 
^ a question promotes awareness of its role in the problem. The f irst- 
. grade text does liave this kind of Assignment (for example, see p. 42, 
exercise No. , but onl]| a few of them. 

• Teachers could give pupils problems witliout a question ear] 
is usually done, in certain cases limiting such assignments to a statement 
of a question, and not requiring a solution. Independent composition of 
problems without any limiting instructions ("Think up a prbhlem") is used 
on a rather wide scale in teaching practice, but this kind of work can 
be ma^ more valuable if along with it the pupils are told to "think up" 
or "conkruct" an example and a problem, directly alternating both these 
'assignments. This will help children to distinguish clearly - between an 
example and a problem and to learn to construct them accordii;g to the 
assignment. 

Once the teacher is convinced that his pupils have mastered the skill 
of analyzing the condition, of a simple problem and of choosing an opera- 
tion on this basis, he may go on to compound problems. To check, it is 
necessary to use special assignments from among those cited above. IV 
' this respect, the most appropriate are the ones recommended by Popova 

[57]. Pupils are^ given a series of problems and must indicate what opera- 
tion is needed to solve each problem. Having the pupils (iarry out this 
assignment in written form and having them put down the operation sigrt^ 
makes it possiblfe' to ascertain, in a brief period, what degree the 
entire class has "mastered ^he skili of choosing an operation. Z; '* ' 

A pupil's mastery of operation selection at the preceding sta^ge now 
makes it ppssible to shift the focus to choosing the numerical data, and 
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a new system' of selecting exercises should comply with this. First it 
is necessary to recall the ^l^w of educational psychology whi^h we have 
use4 in considering a methodology for solving the first aritlimetic prob- 
"^ems. In going on to the development a new skill, it is necessary, ./; 
from the very first, to let the pupil sense what constitutes the novelty 
of the problem before him, to confront him with a new difficulty, having 
■ sharply detached the new conditions from those to which he hais been 
accustomed, ' 

It is necessary to forsee what mistakes children can make while 
-Reasoning from their previous. experience in solving single-operation prob-- 
lems,* In solving simple problems, the children did not ponder over what 
numerical data had to be dorrelated, since there were only two data in 
the proBlem^s condition. To answer the problem's question it was necessary 
to correlate the data in the condition. It is perfectly natural that 
qhildren should approach compound problems with the same idea* Thi^s, the 
teacher 9 aim ii; primarily to create conditions und^r which it is clear 
to the children that they need an additional datum not in the text o^ the 
problem, and therefore to retard or brake, so to speak^ their natural 
impulse to solve the problem immediately in one operi^tion. 

A textbook in which a series. of simple problems with a missing datum 
is given before the section introducing cpm"^oiind problems helps somewhat 
to prepare ^hem for this. By doing these exercises, they are schooled 
in the idea that there may not be enough data to answer the problem's 
question, '• . 

How should the first compound problems be constructed? At pfesent, 
this question is being investigated by many methodologists, who are 
taking stock of psychologi^cal data [37:249^299; 48, 56], The analytic 
tr«ansition has an advantage over the synthetic. The first- consists in 
expanding or breaking down^ a compound problem into two simple ones, while 
the less rational, synthetic way is characterized^ by joining simple 
problems into onii — ix\to a compound problem. " " ^ 

The choice of the analytic way is dictated by the necessity of 
showing pupils more vividly the specific character of a compound problem 
compared to a simple one. But it is necessary to choose a problem with 
a structure which facilitates c^prehension of the most important fea- 
tures of solving a two-operation problem. That is, problems with the 



impossibility of immediately answering the question, and niie need for 
an intermediate datum. This requirefeeitt is satisfied by a problem 
which includes two heterogeneous operat,ions — addition ahiJ subtraction, 
this is Such a problem: 

There are 6 pencils in one, box and 2 fewet pencils in ^ 
another. How many pencils in all are there pi the two boateaT^ 

Here the contradiction between what can be learned by the' operation of 
subtraction (2 more) and what is asked in the problem is brought oUt 
clearly, since the question C'How many pencils in all* are there in the 
two boxes? is oriented toward the opposite operation — addition. 

How easy it is to calculate a missing datum in a problem of this 
kind is proved in various ways. It has been found that in solving 
thesa problems, children er;r less frequently by blendii^g two operations, 
into one (when, having completed the first operation, they fe^^^they 
have already answere^i the problem's question)* Fur thermorlii^^ /specially 
organi2e4^ educational experiment Ql. 1. Moro together with A. Logacheva 
and L. E. Zaikina, teachers at School No. 315) showed that by introducing 
a compound problem fir^, the distinction between a two-operation probleisp 
and a simple one is es«.blished« * 

In thi^ case (in which an uiyomplicated two-operation problem is 
given) , let us fully apply the method of aiialytically taking a problem 
apart (from the question to the data). The teacher asks the pupils if 
they can find how many pencils are in th^g^two boxes immediately. After 
a negative ai^swer, he asks new questioHS't-^'^I'/hy?'* and '^What do you have 
*to find first?'' At this point it is very useful to obtain a Retailed 
formulation of the intermediate question from the pupils. (For example, 
in solving the probl^in cited above, the pupils should state :^ "First 
you have to find out how many pencils there are in the second box.") 

Aiong with solving compound problems of various structures (at 
first including heterogeneous operations, then homogeneous) it is 
necessary to practice exercises specially intended to develop the chil- 
dren's skill in telling a compound problem from a simple one. To this 
end, they should be given pairs of related problems, one simple, the 
other compound • So that the specific character of the ^^^roblems 
will be the focus of the childi^n's attention, th^y should sometimes 
be given to the pupils not to be solved, but only so' that the children 



EKLC 



can establish whether the problem can be solved immediately with one 
operation, or whether it cannot be solved immediately and needs two 
operations for solution, ' # 

Gradtially, after accumulating some experience in solving compound 
problems, the children need to be brought to the formulation of one of 
the rules we indicated above. In proceeding to solve a problem, it is 
first necessary ^to ascertain what has to be found and whether there are 
enough data in the condition to find it, or whether a nev; datum is neces- 
sary. 

In teaching how to solve compound problems, the teacher must give 
attention to a certain feature of the structure of two-operation problems. 
Some problems contain two numerical data, one of which is used more than 
, once. (Thus in the problem cited above^ the datum "S^^^^^ils** is used 
two times: to answer the intermediate question, * 'How many pehcils were 
there in the second box?'* and to answer the problem's question, '^How 
many pencils in all were there in the two boxes? Another category of 
problems (in two operations) contains three numerical .data , none (/f which 
is used more than once. For example: 

During the summer, the children raised 13 hens and 7 
ducks. They gave up 16 fowl to the"' kolkhoz. How many 
fowl did, the children have left? 

' Problems in the second category are of interest to us because they 

require the pupils to choosy properly two data out of three. > It is the 
presence of the third dattinj that creates the possibility that the pupil 
will make an incorrect correlation, a **false synthesis.*' 

This characteristic of the problems must be further utilized in a 
different form by complicating the possibilities for choosing, tliereby 
helping the children to form the ability to restrain or '^inhibit" extra 
syntheses. This has paramount 'significance in m^^ering the skill of 
solving sufficiently complex problems. 

In this respect, it is very Important to vary the arrangement of 
the numerical data in the^'condit ion, and along with the so-called ordered 
problems (the course,! o^- their solution coincides with the order in which 
the numerical data are arranged) to give the children problems to solve 
which are not ordered (in which the order of data and solution do not 
coincide) . 
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An analysis of arithmetic books for the elementary grades shows 
that ordered problems predominate. However, the teacher has every oppor- 
tunity to increase the number of non-ordered problems by using the prob- 
iems in the textbooks but suitably changing the order of the data in them. 
For example, in the second-grade book, Problem No, 578 gives this ordered 
problem: " . 

The young Pioneers sent 50 kilograms of fruit to their 
friends. They put 20 kilograms of apples into a big box and 
5 kilograms of grapes into each of several small boxes. How 
many boxes, of grapes were there? 

This can easily be made a non-orderad problem by changing the wording: 

The Young Pioneers sent their friends 20 kilograms of 
apples and several boxes of^grapes, 5 kilograms in each. 
They sent 50 kilograms of fruit in all* Row many boxes 
of grapes werejtljs;:^?^ j 

- Experience shows that when a problem is worded in. such a way, some 
pupils tend to correlate th^ numerical data next to each other. Thus, in 
solving this problem they may divide 20 kilograms by "5 kilograms in each.' 
Mistakes of this kind bear witness to ^ low level of problem analysis. 
To prevent them, it is important to alternate ordered. with non-ordered 
problems systematically. 

It is also necessary to watch so that particular data are tiot pre- 
sented in an invariable combination. ^ If this happens, children tend to 
carry out a habitual synthesis without performing exhaustive analysis. 
They slacken their checking and may easily fal^^into error. 

For example, the second-grade textbook (Pp. 23 - 24) gives a series 
of two operation problems in increasing and decreasing a number, by several 
units. In all 'of these problems, three quantities aX0> considered. What 
does the first one equal? Of the second, how much larger (or smaller) is 
.^it than the first; and of the third, how much larger (or smaller) is it 
than the second? .The third qua^iti^ty (or both the second and tlte third) 
has .to be found. In all cases comparison is conducted in jusri this^qrder-- 
the second with the first, and the third with the second. ^4^^ these 
conditions, the level of analysis declines, and , fits, a result tf^ children 
make mistakes in solving problems analogous to the ones they have just 
solved, but in which the third quantity is compared, for example, not 
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with the secoad, but with the first. One must therefore see that the* 
problems vary in j|his red^ect* 

To teach ^& pupil how to analyze a problem's condition, it is also 
important to^ivl" numi^lcal data writi:en not only in figures,- but also 
in words. ^'I'hia forces the pupil to thinli about the meaning of the text 
every t^ime^and not* be directed purely- by externals, correlating data 
written as figures. This purpose is served by including in th^ condition 
a figure datum liaving a direct bearing on the problem's story and not 
used as a numerical datum in solving. There are problems of this kind in 
the textbooks, although in insignificant quantities. For example, prob- 
lem No. 255 in the secojidrgrade textbook: 

In 3 days the children glued 40 books for the .library: 
the first day — 15 books, the second day—14. How many books 
did t^ children glue on the third day?'* 

Problems of this kind perform the same functicm as problems 'Vith extra 
I data," and at the same time they are not artificial — this is their advan- 
tage. One can deliberately make still more "provoking** assignments. 
Write in number forip a story datum not used in the numerical solution (as 
"3 days'* is written in the problem cited above), and write in word fqrq 
one of the numerical data necessary for solving the prc^J^lem.' If the 
pupils make a mistake even h^re, realiEation of the mistake they^^m^de 
will be very useful, helping to raise the level (acuteness) of anjalysis 
in connection with problem solving. 

At subsjkquent stages of instruction, the possibilities are expanded 

■ , Ik 

of^*using a different kind of interesting problem wliich requires the chil- 
dren not so much to solve as to analyze the conditions* The shortcoming 
of problems of this kind, which are given in the textbook (just as in 
the fourth-grade text, a special section of "Interesting Problems and 
Exercises" is marked at the end), is that most of them are no% simple 
enough for the children to solve without assistance, and therefore they 
lose their edi^ational value. ^ 

At the same time,, there are a number of problems which are both with 
in the abilities of the children and very useful, since they prbd them 
to analyze the conditions more thoroughly. We will cite only one specif i 
example of thiB.Jfind, the solution of which requires no calculations at 
all. Rather, it is enough' to ponder the conditions: "There were 60 
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kilograms of grapes in two boxelT. Sixteen kilograms were transferred from 
one box to the other. How many kilograms of grapes were there in both 
boxes?" 

The children who are thinking, after carefully familiarizing them- 
selves with the* cohditioa, answer without any calculating. •"It's still 
60 kilograms";* "It doesn^t change," they say. By contrast, the**other 
children perform calculations (60 - 16 = 44, 44 -f 16 « 60), without even 
noticing that they get the same 60 kilograms they started with. Problems- 
of this kind train pupils to re!||^in from hasty "action unti]^ exhaustive 
analysis has been completai,. and this has great significance in forming 
creative thinking. 

Problems in three or n^re operations make greater demands on the 
pupils* analysis of conditions. Therefore tlie authors of the second-^ 
grade textbook are correct when they iikj^^duce a special section in which 
the solution to two and three operation problems is giyen, and the chil- 
dren are told to compare the solutions of. pairs of Snalogous problems 
and answer, why one of tljem is Bolved in two operations and the other in 
three. 

After a certain amount of practice by the pupils in ^©Iving com- 
pound problems, however, the number of operations ceases ^o be a factor 
determining the degree of difficulty • The character of the relationship'^ 
between data, the ease (or difficulty) with which the relationship can 
be exposed, (its more "hidden," or conversely, its more "open" cl^iaracter ,) 
begin to play a decisive role in this respect. For example, the character 
of the relationship is completely clear in a problem solvable in three 
operations which says that so many fewer cucumbers were taken from the 
second plot than from the first, and so many more cucumbers from the 
third than from the second (see problem No. 436 in tlie second -grad^^ext-- 
book), A two-operation problem solved by the method of ratios is much 
harder for the pupils. Let us cite one such problem: 

' Twelve lemons were bought for a kindergarten. Fifty 
.kopeks were paid for every three lemons. How much did 
all tlie lempns cost? (See pfoblem No. 407 iia the fourth'- 
g^ade textbook) . * * ' - - ' 

This problem lacks any words which 'directly dictate a correlation of 
numerical data (as in' the first problem, in which "so many fewer" or 

■ • ' 122 ' • ■ 



"so m^ny more" is indicated directly). Only through analysis of the 
specific features of the aum^iCLal data (the 'relation of 3 to 12) can one 
uncover the relationship contained in the problem's condition. 

Problems c?(S^tliis kind, which can be solved by special techniques, 
are marked in the textbooks and put into groups, and, a note, apparently 
for the te^clier, points out what type of problem the given group belongs 
to. The works of Menchinskaya ] and Kalmykova. [27] map out a system 
of work that ensures the children's formation of the concept of problem 
type* Let us indicate only the basic stages o^ this work. ^ 

At. first, immediately after analyzing th^^ethad of solving this 
type of problem under the teacher's direction, the children are given 
various problems of this tjrpe differing from the one discussed only in 
details — the story, the numerical data. But the essential elements of the 
condition which determine application of a type-method of solving are 
always given the same form in these problems. 

At the next stage, the teacher sets a goal for the children — to learn 
to distinguish problem-type when there are substantial differences in 
wording which concern an essential part of the conditions ^(for e?cample, 
the customary wording of the form "the first number is so m!axty times as ' 
large as the second" is replaced by '*the quotient in dividing the. first 
number by the second equals . . , . • 

Later, problems of this type are included in the structure of more 

complex ones, and finally, the work concludes by comparing problems of 

< 

the given type to problems of other kinds having something, in common 
with problems of the given type fn the wording of the cqnditions or in 
the method of solving. 

Thus, after the children learn to solve problems on finding two 
numbers frot5 their sum and ratio, they are told to compare problems in 
which the difference and ratio are given. Although these problems are 
not stipuTated in the curriculum, in this case one may utilize the 
directions in the explanatory note to- the curriculu^n, which allows the 
teacher to expand the study of a certain 'topic if the proper conditions 
are present. 

It is also quite useful to contrast a type-problem to non-type-prob- 
lems which are similar in wording. For example, after solying a problem 
on finding two numbers from their sum and ratio, it is a good idea to 
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give a problem in increasixjg a number several times, whose wording includes 

the same expression "so many times as much*" Indeed, introducing exercises 

\ * - 

,of tiafi's kind into teaching practice aids the development of pupils* flexi- 
ble skills in solving type-problems', by preventing the influence of a^..., 
stock |)hrase in solving* , * ' *^ 

Alongside ^f problems which lead the -pupil fdrward, we discover in 
the textboolcs a number which in no. way enrick the pupil. These are pecul- 
iar "intervals" and "pauses" filled with other forms of activity, during 
which problem, solving acquires especially suborjdinate significance and 
the structure of the problems which the children are told t!o splve is pur-- 
posely simplifie'd, although they have already ^learned a more complex struc- 
ture. This occurs, for example, in the first-igrade textbook in the tran- . 
sition to studying the operations, multiplication and.divisicti, ^ Two^' 
' operation. proble^is, Whi^h^the first graders* have already, sol^ye4;i'::Simost 
• completely disappear in this section. Thfey appear only in 'the section 
^ "Practice," and then do' not appear unt^ the ^second-grade textbook. 

The authors of the textbook gave the following reasons. Only simple 
multiplication and division pro|3lems are introduced into the -curriculum 
or the first year of school. These two new operations of arithmetic are 
' Studied in the second half -of Hhe year, and the Selection -Qf^ problems is 
entirely sul^ordinate to the. <ibj active of studying tnese operations. * 

Such "intervals" are met again and again. In first grade" *the **Multi- 
plication" and "Bivislon" sectiquAs- include, only single operation probleills, 
and the same thing occurs in a substantial part of the section' Numeration- 
up to IOjO." It 'is natural that the probj^ ^structure Is also greatly- 
simplified in the study jof ^multiplic^tiou .and division tables; in the 
fourth-grade ^textbook^ for a while the numeration of numbers of several ^ 
figures, and operations v/ith them, supplant arithmetic problems of a more 
tomplex structure, and the same thing occurs in the study of cpncrete 
numbers, and so on* ^ ^ * 

What -do^s all this say? It testifies to tlie f aat that the system . 

of teaching' ■prohiem-.^solviug is very often violated. And it is well 

known- that every skill can be formed successfully only if systematic 
exercise is enj^ured. | ^ ' • 

How is one to get out of this situation? How should the teacher 
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proceed with the textbook material? The teacher should not slavishly 
follow the textbook in serecting problems. He must strive to ensure a 
definite system in solving problems, gradually increasing their diffi- ^; 
culty and reinforcing acquired skills. iJSierefore, in first grade in partic- 
ular, when working with children on single operation problems in multi?- 
plication and division, 'it is necessary constantly to alternate these 
problems with * compound problems in addition and subtraction. Then the 
teacher does not have to worry that the ability to-Solvj£ two operation 
problems, acquired not without labor in first grade, may be destroyed " 
because of a prolonged lack of practice in solving them and that it will 
have to be re-f0|rmed In the second year of school. 

Moreover, if the pupils ^preparation permits, the teacher can go 

.-V 

somewhat beyond the bounds of the first-grade curriculum,' giVing com- 
pound problems to solve that include not only addition and subtraction, 
but ^Iso multiplication or division (along with the simple problems in 
the text) . The ex^anatory note to the curriculum grants a teacher this 
right. ... ' > 

^ The teacher can proceed in a similar way with type- problems , some- 
times deviating from the textbook, and if as^pedient, going somewhat be-- 
yond the bounds of the curriculum. Wlien students independently, though 
with the teacher 's- help, "discover** a type-faethod of solving (and this 
is what the methodology of explaining type-problems should be), they do 
not, as a rule", need to solve as large a number of analo'gous problems 
in a row as. the textbook gives (25-30) . It is considerably more useful 
.to move some of these problems to other sections, alternating them with 
problems of simpler structure, related to studying some new question of 
, arithmetic* Solving a type-problesi spine time after it has been intro- 
duced will be very u^^ful, since it requires the pupil to analyze the 
problem^S' condition a second timie and will not be simply the r^jsult of 
recalling a specific method repeatedly used earlier in solving analogous 
problems • 

In teaching how to sol ve compound problems (which demand consider- 
able mental effort" from the pupils), the pupils' awareness and mastery 
of methods of solving them, and knowledge of the general rules by which 
they must act, acquii;>€ still greater significance (than when the solving 
of simple problems was being taught) / 
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The methods with which the children were acquainted at the initial 
stages of instruction (coucretization, abstraction, and the liXe) acquire 
richer substance; now the primary ohject should be the use not of Individ^ 
ual methods but of the whole system of them. Children should b0 taught 
t(5 choose methods correctly depending' on the nature of the problem. 

We have seen the content of one of ^the most important mental opeta- 

m 

tions— the operation of choosing — gradually deepen* If -in the beginning* • 
the pupil has been required only to choose the aritlimetical operation, 
and then to choose numerical data to correlate with each other, now in 
addition, he must choose methods which ease the task of finding the path 
of solution. 

The question may arise, is this latter task within the powers of 
primary-grade pupils? Tlie psychological research that has been conducted 
allows this question to be answered in the af f iJpaativsp 

According to Kalmykova^s data [26], many pupils could be found in' 
third and fourth grade who actively searched for methods of solving un- 
familiar problems. They resorted to constructing a diagram illustrating 
the problem* s condition, or they tried various type-methods tihey knew^ 
or they varied pne of the data to ascertain how it would affect the other 
data". ^ They did this even though they had received no special Instruc- 
tion in a system of methods of solving problems independently. There is 
good reason to suppose, therefore, that with such instruction, children 
can learn to choose more effective methods according to the character 
of the problem. • 

It is important to teach children, for example, to resort to the 
method of making a condition concrete if the problem is stated abstractly, 
or, the reverse, to use the method of abstraction for a problem with a 
concrete subject. And finally, it is particularly important ^, to t^ch 
them to try out different"" methods , replacing one with another in case 
of failure. ^ 

This latter objective can be realized only through giving pupils 
extensive practical work in solving problems independently. The number 
of problems children solve independently should be substantially increased 
at the expense of problems solved with the teacher's direct help and 
guidance. What should be the content of ' basic methods for solving rel- 
atively difficult problems independently? 
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The method of making a problem's condition more concrete should 
be applied in toore active forms than at the initial stage of instruction.. 
Then th^ teacher 'limits himself; m?^®ly advising the pupil to pictvyre 
clearly what the problem said. The necessity of^a vivid "image" of what . 
is described in the problem retains its significance even now,- But it 
should be taken Into account that one must know how to use images. ; A 
vivid image of individual, complex details of a problem's condition may 
leven play a negative role, leading the pupil avay from discovering basic 
correlations • And, most importantly, this process hardly subject to 
control. 

Other forms of concretization, linked with active afteration of the 

text of the problem, are much more convenient. It is very useful to 

advise the pupils to alter a "problem given iM abstract terms, if necessary 

* 

into a problem with a specific story^ For example, if a problem is given 
about a sum and ratio in abstract form: ^ ^ 

The sum of two numbers is 12, and one number is 3 times 

as large as the other. What are the numbers? 
** ' , 

the children themselves can make it into a problem with a specific story: 

Two boys had 12 pieces of candy^ One had 3 times as 
many pieces as the other. How many pieces of candy did 
each boy have? ' 

In certain cases, temporarily replacing large numbers in the prob- 
lem's condition with small ones is useful. Such substitutions are a 
particular form of concretization, since they help to bring the p/oblem 
closer tfo the pupil's experienced It is necessary to give the pupil« 
special exercises, telling them to alter the conditions of problems, and 
then to prod them to use this method as they search for ways of solving 
an unfamiliar, abstract problem by themselves. 

- ^ Interpretation of a problem's condition is aided by the opposite 
method — abstraction — in which the condition of a problem with .a concrete 
subject are formulated in the language of abstract mathematical corre- 

atlons of qitantities. Not enough attention has been given to this 
aspect of reinterpreting a problem until now. Still, this kind of work 
is very important, since it trains the pupils to "translate" int^mathe- 
matical teinns various correlations clothed in the concrete form of a&feions 
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of life without assistance. " 

Bogolyubov, a teacher, worked out an entire system of such exer- 
cises [4J. Several problems were given, varied in subject matter ^d 
identicai'^in mathematical structure. The pupils are to replace words 
denoting various everyday actions ("bought so many,^* "spent so much," 
and the like) with one and the same word, which has the nature of a 
mathematical term, "cost." From these abstract terms the pupils easily 
pass to the arithmetical operation, since the relationship betvirpen 
quantities becomes completely clear to them. 

Bogolyubov "^3], in general^-zing his many years of teaching experi- ...^ 

ence, gives a "§qale" which refj^ts the different degrees of apjj^roxi- 

mation to abstract mathematical language. He shows this by the wording 

of one and the. same final question of a problem: 
* ' % 

i) * the most concrete wording: "How many mushrooms did 
^ the bdy and gi^l pick tbge^ther?"; ^ ^ 

, . 2) more abstract: *Vhat number of mushrooms did the 
boy and girl pick?"; ' ' ^ 

3) . still more abstract; "Find the total number of 
mushrooms."; ' , . 

V 

4) the most abstract, completely free of ajl aspects ^ 
of "plot": The problem is to find the sum of the 

numbers. • \ 

In this last case, the content of the probl^ is virtu'ally reduced to 

m 

naming the arithmetical operation with which the problem should be 
solved. 

Doing such exercises gradually makes ifc possible for the pupil to 
use abstraction as an independent method for solvlnjjj^roblems . This * is 
facilitated by the textbook, which introduces exercises in composing and 
solving problems, in which the data are given in the form of abstract 
concepts: "number," "cost," "^alue," and the like. 

More ef?^tive aml^ advantageous for wide-scale use in school prac- 
tice is a method which] unites concretization and abstraction. Vfe refer 
to the use of graphs and diagrams which help show the correlations be- 
tween the quantiftJies mer^tioned in'" a problem^ A graphic illustration, on 
the one hand, makes it possible, for the pupil to picture these correlatio 
^in visual form (concretization) , and conversely, it helps him to abstract 

128 



hiiaself froxa the details of the story and the objects described in the 
text of the problem (abstraction) . This is the basic value of the^ 
graphic method, 

In practice in our schools, graphic illustratJi)ns and diagraias usually 
are implemented by the teacher himself. Very little has been done tiH now 
to make graphic, schen^tic representation of the condition ^ the imlicixown, 
and the link between them, a method of independent problem solving by 
the pupils. A diagram does not show the objects discussed in tlie problem; 
It presents mathematical relations between quantities in abstract form. 
This is why it is hard for a child with ^ special preparation to grasp 
the connection between an abstract sketch and concrete conditions. 

. .One psychological investigation showed that the use of drawings 
of the kind given, for example, in the sec ond-* grade textbook on pages 7, 
16, 18, 22, and others, in 4:he fourth grade -textbook on pages 63, 79, 
and others, is good preparation for employing diagrams [63, In these 
drawings (which Botsmanova called "object-analytical") *the pupd.1 sees 
the^ objects discussed in the problem. These drawings reflect the quanti- 
tative correlations between data and unknown • Suth a drawing is closet 
to the text of the problem and is distinguished by greater concreteness 
than a diagram, and in this respect it is easier for the children to ^ 
understand. However, to be limited to the use of such drawings would be 
utterly wrong. Just because of their, condr^teness or "attachment" to the 
story of a definite problem, they can do little to help the child under- 
stand the general method of solving problems of the same kind. . i 

A diagram revealing links between quantities which are veiled In.fhe 
text of the problem is more likely to lead the pupil to discover a way 
of solving the problem than the object analysis drawing. Therefore, it 
is very impprj^ant to teach children to use diagrams in solving problems. 
Very useful in this respect is the method of contrasting an object analy- 
sis drawing and a diagram of one and the same problem* In this case, 
the object analysis drawing plays the role of an intermediate link. By 
contrasting, the text of the problems, the drawing, and the ''diagram, the 
pupil bedomes aware not only of the concrete correlations described in 

the given problem, but also of the connection between the quantities 

• ^ 

considered *in it in a general scheme. For example, the link between cost, 
price, and quantity in general is shown, regardless of what objects are 
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being talked about « 

Research shows that ability to construct a diagram develops in chil- 
dren by degraes. At first, they grasj and express in the diagram the 
most general features of the probl^, and only afterward do their diagrams 
begin to reflect the structure of the problem* Making a diagram* is not 
an end in itself. In constructing it, the pupil gradually perceives the . 
relationship contained in the condition. He continually compares his 
drawing with what is described in* the condition and makes corrections 
if necessary . Consistently perfecting the diagram means perfecting the 
analysis and raising the level of analytical work» 

When pupils become convinced by experience that using a diagram 
aids successful problem solution, they begin to apply this method on 
their own initiative on a large scale, without waiting to be prompted 
by the teacher. Those teachers'^lTho sjfstematically teach problem solving 
with the graphic -iteithod achieve good results. For example, A. V. Olevanova, 
a teacher at School No. 330 in Moscow (whose experiment was studied by ^ 
Botsmanova) , who uses the graphic method extensiveJ^y in -teaching problem 
solving in first and second grade,, gave children problems oT Increased 
difficulty to solve by themselves, whicji went far beyond the limits Df ^ 
the curriculum, and the cMldren coped with these problems successfully. 

Certain methodologists [61, 67] give much a-ttention to elaborating 
the graphic method. However, it has not yet found proper reflection in 
the aritlimetic textbooks. Though we could cite a number of example's of 
object analysis drawings which are available in the books, we can hardly 
do this with diagrams. The only exception is specific diagrams for motion 
problems. At same time, the textbooks have many illustrations for 
quite another purpose: to show the meaning of a word used in the text of 
the problem. These drawings often concern things sufficiently familiar 
to the children, so they may be discaifded without detriment. 

In speaking of the use of diagrams in teaching problem solving, one 
inexpedient form should be mentioned, albeit briefly. We mean the con^ 
Bt ruction of diagrams in the course o^ a so-called "analytic** breakdown 
of a problem (from the final question to the data). Popova often recommends 
that such diagrams be u^ed even whan the^^jy^^lem itself is easy. At the 
same time, the construction of a diagram of the analytic breakdown is dis- 
tinguished by certain specific difficulties [56^^05]. However, 
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the diagram here is an end in itself » a certain special es^rqlse in logic » 
whose psychological and educational value is at least questionable. 

Popova proposes another principle of diagram construction in her 
work on methods of teaching arithmetic in fir^t grade [57] • The diagrams 
she proposes for first graders help to show tli^%>rrelations between data* 
and ^he unknown, ^^ut according to the directions in this book» the .most 
active role in constructing diagrams still belongs to the teach^^^ not to 
the pupils. 'i:^ 

All of the ta'ethods described above were directed at analysis of the 
conditions of a problem and exposing the relationship between the quanti- 
vties discussed in it. The use of the analytic question '*Why?" belongs to 
;this group of methods. Utilisation of this method#Ls possible only for 
^^i. (pertain kinds of problei^. Thus, in solving problems "in finding a num- 
'i^ber from two differences," the statement of the question, 'Vhy was the 
cost higher in one case then iti another?" for example, helps to "untie" 
the basic "knot" of the problem, since analysis, naturally, aijas at 
exposing t*tie difference in the number of objects which causes the 

difference in cost, " . 

Whethey or not unassisted use of this method is within the pupils' 
abilities Was tested in ^ experiment by a teacher. A* E. Kozlova, in 
connection with teaching third graders [32], But the pupils must be 
gradually led to unassisted use^of the metliod. In the beg'inning, the 
teacher himself poses the question *Sjhy?" in dissecting a new problem, 
Ind later he tells the pupils to ask the question in analyzing a problem 
which is familiar to them; finally, he prompts them to use this method 
in ^analyzing a problem which is^ new to them. In this case, the pupils 
themselves ask a question aimed at exposing^ the basic relationship, and 
they ttiems elves answer it and independently find ways of solving the new 
problem. 

Analysis of the relationship between data can be approached a differ 
ent way — by arbitrarily changing cnie of the data and then ascertaining , 
how the chaise affects the other data. This also helps to show the 
relationship between basic quantities . Certain exercises, widely used in 
practice, can help pupils to master this method. Wq mean assignments 

which call for transforming the problem into, another, when the question 

1 

of a problem which ha^s already been solyed is changed a^d the pupils are 
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required to change the condition, or the reverse, to think up a new ques- 
rbon fp^>^n altered cohdltian«. ^ Exercises o£ this kind have been worked 
put by Eqlyak [53]; they also occupy "avlarge place in Pch^lko's methods 
manual [48]. - ■ 

If analysis of the problem's condition by tlie methods described 
above does not lead to the goal, there remains one metljod— a l^ss perfect 
onQj^^ which, howe^^er, children often resort to on their own: /p^^t forming a 
numerical solution as a "trial." These tltals can be ef feglive onlXjt.f 
the pupils cpnsider them as s]teps toward deeper analysis of the problem. 
In other words, if any pair of data are correlated and a iiumex:ical solu-r. 
tion is produced, then right away the question mu^st be ^sked — can' one 
correlate these data? 4'oes this not contradict the other data? and would 
it be necessary to find this out, from the standpoint of the problem's 
question? ' _ • 

In using this method, there is always the danger of transforming^ 
the solving process into mindless manipulatiaa of number s,*^hich some 
pupils who are not fond of hard problems are prone to do. Therefore, 
use of this method b^ pupils must be approached with great *jbaution. 

Carrying out a numerical solution before exhaustive analysis of 
the problem is justified only if the pupii knew how to "expand the prob- 
lem into a series of simpler ones during preliminary analysis, first 
isolating a familiar problem from one whose methods o'f solving had to 
be found. By progressively solving such familiar, simpler problems, 

he simplifies the complex problem given him, and thereby can-direct all 

9 

his thinking efforts toward solving the basic problem. 

\. 

Thus, teaching tha pupils methods of solving problems independently 
by practice should be the basic objective of the methodology of teaching 
problem solving. But along with elaboration of the most effective 
methods for pupils to V>lve problems, ones/' must consider another aspect — 
a reasonable simplification of .techniques of working on problems. Some 
firmly established requirements could be considered optional, or even 
superfluous. 

' .For instance, in solving problems, must we insist that the pupil 



The tecjinique of expanding a problem into simple problems is 
described by Shor [61]. 
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write down the concrete name of every compoaent In au operation? Is It 
not enough to. write the concrete name in the result? As we know, much 
timjB is 9pent getting pupils to learn two different kinds of division — 
*'into par^'^ and %y content" and having them master the two corresponding 
ways of writing concrete names in solving problems. 

An observation shows, even if teachers contrast these two problem 
forms, a number of pupils wil^^^piitinue to make mistakes in writing *the 
concrete navies. Is the expenditure of time and effort on this kind of 
schoolwork justified? - Apparently, it is often enough to require the pupil 
solving the problem sinaply to explain his result briefly, or even merely 
to correlate his answer with the question asked ±n the problem. 

Similarly, legitimate doubt arises as to whether it is advisable 
always to require ^^e pupil who is solving problems in two operations 
(of 'more) to analyst the process into isolated steps, when it would be 
uiore economical to write the necessary operations on one line. We refer ^ 
primarily to the kind of problem which can be solved either by double 
subtraction or by additioj^ and subtraction* 

One often encounter?^ problems like the follotSling: 

Some schoolchildren had 10 rabbits^ They gave th^ 
kindergarten 3 rabbfts, and another rabbit i^ran away. How 
many rabbits did the schoolchildren have left? 

The children solve the problem very quickly, successively taking 3 and 1 
away from 10, while the teacher is trying to get them to formulate two 
separate questions and-tp perform as^dition first and then subtraction. 
One asks, should children be hindered from using the simpler way? 

In connection with subsequent improvement of arithmetic teaching 
procedure, two objectives sliould be established: 1) to simplify teaching 
by removing from the arithmetic course everythix\g retained in it for 
tradition^s sake alone, and- 2) to introduce more complex academic material. 
Attempts to reorganize the subject matter of the elementary mathematics 



course^^^nder taken in recent years by a number of researchers, are moving 

in just this direction. We go on to consider the preliminary results 

of these . experiments • » ^ 

^ - . * 
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5, New experimental research considering the possibilities of 

Introdliclng elements of algebra Into the elepientary mathematics^ ' 
course 

The first experiment In Introducing elements of algebra was performed 
In the experimental class of El'konln and Davydbv [14]. Unfortunately, 
In^the published^ materials nOuSpj^lal attention was glvem to teachioig chil- 
dre^^ problem »solvlng. But. from the outlined curriculum {14] it can be seen 
that the experimenters propose that children as early as second grade begin 
to construct and solve first-degree equations in two linknbwus in connection 
with the sol^ion of problems* ^ere is still no , data showiivg whether the 
experimenters succeeded in realising this program in practical teaching, 
and if so, under what kind of system the corresponding work was conducted. 

Substantially more material on the question under consideration is 
contained in an article by the Ukrainian psychologist, Skripchenko [64]. 
During the school year 1960-61, Skrlpchenko conducted some interesting work 
on developing in fourth-rgrade children generalized algebraic methods of 
solving problems. Convinced that this material was not beyond the powers 
of fourth graders he transferred his experiment to the third grade during 
1961-62. 

The preparation for solving problems by equations is described in the 
following manner : 

* Y^'' Before going on to setting up equations from the conditions 
of problems, the pupils distinguished and elaborated Individual 
steps in this complex psTocess. In the beginning, they formulated 
individual algebraic expressions from statements representing the 
conditions of problems [64: 87]. 

It would be more accur^^^ to say that they learned to express on^ of the 
unknown quantities in terms of another when their difference or sum was 
known. For example, the children are told to formulate algebraic expres- 
slons according to this condition: 

On the first day, a worker made several laachine parts, 
and on the second day he made 5 more than on the first day. 

Designating by x the number of parts made by the worker on the first day^, 
the pupils then formulate an expression (x -f 5) to designate the number 
of parts made on the second day. 
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Then the children went on to prohlems in several unknowns • The 
authors s tastes: 

After the pupils had developed elementary skill in construct^ 
ing Individual algebraic expressions from the statements function- 
ing as parts of the problem^s condition we taught the children 
^ to join individual 'festpressions into ^ciu^tions — judgments, Tfiie 
work was carried out on problem^ similar in* kind, then on prob- 
. lems varying in content and structure [64: 891. 

Later, bj^* contrasting the^^j^ithmetic method of solving problems with 
using equatipns, a link was established between the skills developed 
in the children earlier and the new method of solving* The general con- 
clusion the author inakes from the experiment is that' 

Methods of solving arithmetic problems by setting up 

equations in one un^qiown can be learned by pupils in the 

^ primary grades — not "only fourth grade, biit third grade 
also [64: 92-93]. 

From this summary, it can be seen that Skripchenko *s experiment 
envisaged introducing the algebraic method of solving problems earlier 
than in sixth and seventh grade but in approximately the same way* The 
general direction in teachiii&^^the formulation and solution of equations 
was maintained: in the first y^r, solving problems by the arithmetic 
method; later, , constructing simple algebraic expressions reflecting the 
problem's individual elements; and finally, constructing equations. The 
algebraic method of solving i^^oblems is introduced on the basis of the 
arithmetical one and in contrast to it. 

The proposals formulated by Pchelko took approximately the s^ame 
direction [47]. But he approached the solutic^of the question more 
cautioAisly, Pchelko wrote: 

Of the two basic methods of solving problems, the arithme- 
tical one will occupy the leading position in the primary grades 
* under all conditions, because the arithmetical structure of the 
majority of problems solved in primary school is such that it ^ 
make^ use of the algebraic method superfluous [47: (>^\^ 

As an example for which "the algebraic method simply does not make sense 
he cites this problem: 
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Two trains left two cities at the samfe time^ heading • 
toward each other. ^ One was going 40 kilometers an hour and 
the other, 60 kilometers an hour. -The trains- met in 4 hours. 
Determine the distance between the towns. [47: 68]. 

At the same time Pchelko considers it expedient to use equation 
construction in fourth grade to solve sample problems on finding aii un-- 
known minuend wheti given the subtrahend and the difference, finding two 
numbers from their sum and ratio, and*certain others. He proposes that 
the^^5fery simplest equation, suciT'as these should be solved on the basis 
of knowledge of the relationship between components of the arithmetical 
operations. Since these relationships are at present ''studied funda-- 
mentally" only in fourth grade, Pchelko considers it possible to intro-^ 
duce suitable equations only in that year, in order to use the algebraic 
method of solving in fifth grade for complex, "intricate" p^roblems. 

Thus even here, as with Skripchenko, it is a matter not of changing 
the system of teaching problem solving as a whole, but only of Introducing 

equations a little earlier than is done now, in order to make it easier 

f 

for pupil s-^ to solve more complex probleii^a and to save some of the time 
it bi4^s to cover the curriculum. 

Another approach to the question under discussioji was outlined In 
an article by the authors of this book [^0]. We proceeded from the fact 
that the algebraic method of solving shifts the focus of attention from 
the calculation process to the analysis of the relation between data 
and unknown, and that such a method requires comprehension of the mathe- 
matical structure of the problem as a whole (in the arithmetical method 
the pupil's attention is often taken up by individual, particular prob-^ 
lems and the whole is overlooked) , ' 

The alg^raic approach to problem solving thus supposes a higher 
level of. generalization, and makes greater demands on the ability to 
perform analysis and synthesis, than the arithmetical approach. There-- 
fore conscious mastery of the algebraic method of solving complex prob- 
lems should be preceded by special (prolonged) preparatory "vork, the aim 
of which would be to gradually . instill suitable skills in the children. 

This is Why it seemed necessary to us to conduct such an "algebraic 
preparatory course," beginning in first grade. In' the teaching experi- 
ment organized during 1962-63 under our direction in the first gfade of 
the V, I. Lenin School (Rt F: Sen^kina, teacher), this preparatory work 
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was begun from the moment the children were introduced to solving very 
simple addition and subtraction problems [39] • The children were syste- 
matically taught to discern cipsely what is known from the problem *s 
conditions and what is not knawn— what has to^be found* In the notation 
for solving thes^ problems, was introduced immediately to designate 
the unknown number, .and the children had to learn to express the unknown 
in terms of the known quantities with the aid of the signs of the arith- 
metical operations. 

Let us show by ekamples how the pupils themselves explained the 
course of their solutions. Repeating the problem given by the teacher, 
tlje pupil immediately isolated the known from the unknown. For exampie:.. 

We know that Kolya had 5 stamps and that his papa gave him 
1 more stamp. We have to find out how ^many stamps in all 
Kolya had then. 

Further reasoning goes like this: 

I call the unknown 3c — that^s how many stamps Kolya 
had in ^11* We know that Kolya had 5 stamps and his papa 
gave him one stamp. So he had moye stamps. We need to 
add 1 more stamp to the 5 stamps. I write 25^ = 5 + 1. Kow^ 
I'll figure out what x is (calculates ^mentally and writes), 
2£ " 6. Kolya had 6 stamps in all. 

It can be seen; from this course of solution that here (as in the 
problem involving "oncoming traffid' cited in the Pchelko. article), 
neither the introduction of x to denote the unknown, nor the construc- 
tion of an equation, by themselves^ made the problem any easier to solve 
(at first it even perhaps complicated the pupils*^ work somewhat). How- 
ever, as we said above, it is necessary to evaluate the expedience of 
such work according to its use in preparing students for mastering the 
algebraic method of solving complex problems. From this standpoint it is 
highly significant, since with such an approach, from the. very beginning, 
problem solving is clearly divided in the children's minds into the follow 
ing stages: 

1) discerning and delimiting the data and unknown; 

2) .designating the unknown by x ^^d writing the relation \ 
between unknown and 'data in the form of a definite mathematical \ 
expression; . • \ 

\ 

3) finding tjie numerical^ value of the unknown, ^ 
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These are all very liitportant aspects of preparation for setting up 
equations. 

Ev^n.ln the first, grad^, th^ children were introduced to so-called 
"reverse" (or "indirect*') problems in adding and subtracting (problems 
involving finding one of two addends, given the sum and the other addend; 
finding the minuend, given the subtrahend and difference^ and others)* 
Problems like these were part of the first-grade curriculum in the past 
but were transferred tb the second grade in 1950 because of their extreme 
difficulty for seven-year-olds. The expediency of this decision rai^d^ 
doubts from the very beginning. At that time, in 1950, Menchlnskaya 
observed that '^ifficulty in learning is no argument" and that "we should 
have sti'iven to overcome the difficulty first graders had in learning [36: 
73]," taking into consideration the psychological value of these problems 
for education in this^first year of school. This consideration was subse- 
quently reinforced by an analysis of the difficulties linked to studying 
problems expressed in indirect form, in '^second grade. The analysis 
showed that rejecting these problems^in first grade regularly leads the 
children to adopt an incdrrect approach toward problem solving .in general' 

— • • . ■■ • - 

There was every reason to stippose that solving reverse (indirect) 
problems in first grade would facilitate development of the children's 
ability to grasp the problem as' a whole and to choose an operation 
consciously on the basis of adequate anAlysi^ of the conditions . Consid- 
ering direct and reverse problems ^at the same time .creates conditions 
"which preclude the deve^lbpment of stereotyped solutions and -which dp not 
permit .children to establish a mecl)^nical tie between certain isolated 

WQrds in the text of tlie problem and a particular aritiimetical opera- 

10 ^ ^ 

tion. ..-.<» 

There was' ancTther purpose in introducing problems of this' type into^ 
th^ experiment, that of gracTually preparing the pupils to use the method 



^^These considerations were taken into account in' an experiment per- 
formed under the direction of Zankov [73], In connection with teaching 
■problem solvin^^>44; first grade, this experiment attaches special signify- 
ican'ce to reverse problems and comparison of them with direct ones. 
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of sett lug up equations* ' To this end, in solving reverse problems, x 
was used to designate the unknown. The solutiofi of a problem on finding ' 
\ one of two addends from their sum and a second ^dead, for example, was 
written this way: 

^ 3 « 7; X * 7 - 3; ' X " ^ 
The transition from x4'3«7tox-7.-3 was accomplished by analysing • 
the concrete life situation described in the problem. For example, this 
problem is solved: . ^ . ^ >^ ' 

There were several pencils in a box. The teacher put 
in 3. more pencils. Then there were 7 penc^s in the box 
altogether. How many pencils were there in the box at ^- 

The pupil explains 'that to answer this question, one needs to take all 

seven penciis^. and lay aside ("take away") the three pencils the teacher 

put in. !rhen the pencils which were in the box in the beginning will 

remain. By solving problems of this kind many times and carrying out the 

reverse assignment of composing problems from a given solution, the pupils 

accumulate factual material which prepares them for realizing in general 

. form the link between compone|its of arithmetical operations. Conscious- 

, tiess of these links is a prerequisite for solving first-degree equations 
11 . 

in one unknown, 

♦ • * * 

Preparing first graders to make equations was not limited, however, 
to solving simple problems • Changes were introduced into *the methodology 
of solving compound prob^Lems. Let us show this -with an ex^ple. 

There were 8 .pieces of candy in a bowl. Four pieces were 
eaten. "Mama put 5 morfe pieces in the bowl. How many pieces 
of candy were there in the bowl then? 

The pupils in the experimental class reasoned and wrote %h.^ solution- to 



The feasibility of using x in solving reverse problems in first 
grade, and- the feasibility of teaching first g^raders a general method 
of solving these problems, wae demonstrated in Kossov's work [30]. 
This is borne out by the experiment conducted iii the schools of the 
Sverdlovsk regi6n under the direction of E. M. Semenov, although both 
authors -approach formation of such a generalized solving method some-- 
what differently than we do* 
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this problem in the following way: * 

It is necessary to find out how many pieces^ of candy 
there were in the bowl then. I'll call that ^. We know 
that there were S pieces in the4)owl, but'^A pieces were 
eaten-*-so there were fewer — you have to take away 4. 
Mama put another 5 pieces in — you have to add 5. Then 
21 " ^ " 4 + 5. 1*11 calculate what 3C equals (calculates 
and writes down x ?) • There were then 9 pieces of 
candy in the bowX, 

^y such a method of analysis, the pupil mentally grasps the entire solu- 
Vtion of the problem as a whole before he proceeds to calculate. 

Other forms of co'mpound problems were approached in a similar way. ^ 
\ In order to form the children's capacity to analyze and synthesi'fee, 
generalize, abstract and "concretize," techniques of analyzing^a prob- 
lem's condition, such as scfl^patic and object illustration of the con- 
dition,' we ^..constructed, or had them construct, diagrams reflecting the 
link between data and unknown, and o|:hers. All of *tl5iese techniques were 
used not only f>y the teacher, but by the children also. 

To prepare the children *f or algebraic generalizations the later 
grades', we gave them, after they had solved a large number of problems 
with numerical, data, analogous problem' questions without nunteer^, in 
which they had Merely to indicate what operation of arithmetic was needed . 
to answer .the question. For example,, the teacher would say, "If you know 
\ how many books ar^ on one shelf and how many are on another, then what 
operation do you use to find ^out how many books in all there are on the ; 
shelves?" - - 

The first experiment conducted in this direction, in die V, I. ^ 
Lenin Sc^hool in 1962-6? gave positive results. The above mentioned inno- 
vations had a^ beneficial influence qn the way the children learned the 
entire curricular material, and not only permitted, the curricular limits . 
"to be exceeded, , but also significantly raised the theoretical * level of 
pupils V/&ssimilation of mathematics study material in first grade. 

vur experimental program calls for, in particular, implementation 
-of the algebraic preparation, in connection with the instruction in ■ 
problem solving which was consider^ above for first grade. 

w 

In the next grades, this work receives further development. Thus 
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^n"\he second grade, in generalizing the vast factual materl^ acciimu- 
lated during their first ye^r, children learn, in general'vform, the 
rdlationship between the componeJits of the, "arithmetical operations • On 
this basis, they solve problems which are essentially elementary first- 
degree equiations Iti one unknoVn. 
^ In third grade, they become familiar with using the method of 
efciuation construction in solving problems such as: 

A housewife bought 3 kilograms of potatoes at 10 kopeks per 
kilogram and 2 kilograms of cabbage^ She paid 62 kopifeks for the 
whole purchase. How much does 1 kilogram of cabbage cost? 

The equation' constructed from the pro^em's conditions can be solved by 
knowing the relationship between thef components of the arithmetical opera 
tions. The pupils reason this way:' 

The housewife paid 10 x ^^peks for the 3 kilograms of "* 
potatoes, and 2 kopeks for the 2 kilograms of cabbage, 
and the entire purchase cost 62 kopek*^ Then 10 x 3 + ^ x 2 
» 62- To find the unknown term, it is necessary to subtract 
the known term from the sum: 2.^2« 62 - 30,;^x2»32. 
To find the unknown factor, the product has to be divided 
b^ the known factor: * 32 r 2, ^ * 16, One kilogram of 
cabbage costs 16 kopeks. ^ 

Other problems which reduce tb' constructing and solving first-degree ^ 
equations in one unknown can be ^olved in the same way. 

Furthermore, beginning in second grade, along with solving problems 
constructed on specific numerical material and problem questions with-^ 
put numbers (discussed above) , the children become familiar with solving 
pr^lems in a general form, in which the assigned and unknown values are 
designated by letters. Problems like this are solved: 



The first day, A kilograms' of potatoes were sold, and on £Ke 
second day, _B kilograms. How many kilograms of potatoes were 
sold 'in the two days? or. There are A Students in two classes. 
There are B^, students in ohe^class. How, max)^ students are there 
in the other class? 

(Solution: k ^ A - B.) 



maxu^ 



Problems of this kind, formulated and solve^ in general^f orm, are made 
specific by the children, who give A and B distinct numerical values. 

In the experimental classes, exercises in independent construc^on 
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of problems, from a preparedi solution and from a schematic or brief 
notation of the condition, are systematically gQnducted, After problems 
with letter data^^ve been introduced, problems are constructed according 
to formulas as x A 4- B, A x « B, x A • B, ^nd tke like. These prob-- 
lems are coiistructed both in genetai foAi and with numerical data (depend- 
ing on what the teacher assigns) . The<«ceverse assignments are also given* 
For example, a problem with numerical data i» used to &et a general form* 

All these exercises, as observatipns show, help the children to be- 
come aware of the features of a problenK. They begin to identify what ^ 
innumerable distinct, concrete problems wtiich are mathematically identi- 
cal have in common, and the basic differences which determine the choice 
of different arithmetical operations in solving problems which appear 
quite similar at first glance , for example, solving a pair of piroblgms 
involving finding the sum of two addends and finding one of the addends 
from the sura o^d the other one. They are good training for studying how 
the components of aritrtSmeBlcal operations are related. 

The use of algebraic symbols thus promotes more thorough, mastery of 
arithmetical mater ia^^#^ The exerciges described, moreover-, are found to 
be very useful in developing children's capacity to generalize, - abstract , ' 
and concretize. In this respect, the use of letter symbols has proved 
successful in considering the basic properties of the operations of 
arithmetic. ,v 

In second grade the children learned, with full comprehension, to . 
write the comi^utative property of addition and multiplication in letters, 
and^in third grade — the distributive property o^ multiplication ovep 
addition, various methods of addinjg. (and subtracting), the associative 
property of addition, and others. In this case, the use of letter sym-- 
bols helped the children to formulate appropriate propositions in general 
form and to cite concrete examples to illustrate a general rule. 

The system we have outlined of progressively training pupils to 
construct ^equa'tions in order to solve problems in the^rimary grades, 
of progressively introducing letter symbols as the generalization of the 
arithmetical knowledge which the children liave built up, neads, of course, 
to be seriously tested by experiment. The experiment begun tti 1963 in 
18 plasses of sij^ schools has been expanded and is continuing, as we said 
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above. It is also necessary to experiment with 6ther possible 
^ approaches to solving the problems raised. However, the data from 
the .preliminary experiments described above demonstrate that an 
earlier introduction of elements of algebra is completely workable 
:^d can be successfully developed in the future. 
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CHAPTER V . 

, . GEOMETRY IN THE PRIMARY GRADES''' 

Questions of aubject laatter, system, aiid methods of studying geome- 
tric material in the primary grades are^ still far from settled. Recently, 
interest in them has grown especially in connection with the ne^ to ' ^ 
raise the level of mathematics education in school, to strengthen the 



connection between instruction and life, and to introduce polytechnic 
cal education/' In the light of these goals, and the. current state of 
affairs no one can be satisfied with geometry preparation in the primary 
grades • • ^ 

Let us consider, first of all, how the aims of including elements of 
geometry in the primary mathematics course are stated in the explanatory 
note to the .present ^^urriculum: 

The chief task of geometric work in the f>rimary grades Is^to 
give children clear-cut visual images of the line '.segment , angles,, 
the rectangle, the square, the cube, and the rectangular parallel- 
^ epiped; to consider certain prppert^ies o^ figures; and to use this 
\ knowledge to arm the childrerl with practic^* ^^^g^lls in measuring 
lengtih,"^ area, and volume [12:53-^543 . ^ - - 

The importance of instilling ^p^ial conception*^ is stressed^ In^ 

statipg the general alii^ of aritrhmetlc instruction, ^nd<ln considering 
the bases of metho^oljigy — the practical direction of work in geometry, 
' Thus, af pre^gnt, the 'study /of geometric material in the primary 
grades is aimed chiefly at' practical goals, since donsideration of the 
properties of figures and the formation of appropriate concepts help ' 
to arm the pupils with the practical abilitiefe and skills necessary for 
solving practical problems in calculating- ai'ea or volume. 

Perhaps, in connection with this , the s^laction'Of geometric mater- 
ial is largely a matter of chance. In fact, neither the explana-tory 



1 

A. F. Govorkova participated in writing this chapter. 



^45 



15/ 



note to the curriculum nor the basic methods handbooks In arithmetic 
make any attempts to justify the selection of the material considered in 
grades 1 through 4. One can only suppose .that figures such as the rec- 
tangle and square are chosen because of^ the relative frequency with which 
they are encountered in practical problems requiring calculation of area» 
and the ease with which these problems can.be solved. Appare'ntly, the 
,same criteria dictate the choice of the cube and rectangular parallel- 
epip,ed/?or determining volumes • 

The curriculum and methodology noticeably %fail to consider carefully 
what geometric work in the lower grades might best prepay .the children 
for the regular geometry course later • The same tendency which we noted 
earlier in criticizing the insufficient us^ of generalizatioti when working 
with primary scli^lchildren, is clearly evident, both in the selection of 
material and in the teaching methods. 

Actually, the same procedure is followed her.e^^^teachiog only Certain 
practical material (mainly through sense perception) in the primary grades, 
and putting off generalization and the transition to operating ' with con- 
cepts until the future. Here the objective is not even to establish a 
lirik between the facts considered. Only this tendency t6 put off general- 
ization can account- for the stipulation in the curriculum that the chil- 
dren be familiar with the straight line and the line sStgmant, but not 
with the half-line; that the children deal only with equilateral tri- 
, angles during the entire four years of schooling^ even though they are 
familiar with the triangle from the' firs^t steps of instrufct^on, »and study 
angles ^ter that;, that they are^not even ied to understand that the rec- 
tangle and the s^pire are^yarieties of the quadrangle; and so on. 

But even this direction in the curriculum is not followed with the 
necessary consistency. S^uppose that the selection of figures is made 
according to the approach stated above. Then the question najturally ^ 
comes up, why are.figut^es such as the circle, and solids such as the 
sphere ^nd the cylinder, familiar* to the children and often encountered 
in their school and play activity and in practice generally, omitted 
from the curriculum? 

Furthermore, if the development of clil.ldren's spatial concepts is 
considered one important purpose of teaching geometric material In 
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primary ^grades, then why not introduce^ exercises whicfh would rfequire the 
children to rec^nize familiar forms, not only in isolation, but also 
under more complex conditions, in which, say^ a familiar figure is an ' • ' 

^tlement of a more complex configuration? This is clearly very important 
both for applying acquired knowledge to practical problems and for pre- 
paring for later work in geometry *in the upper grades. 

Furthermore, the authors of the curriculum and of textbooks are very 

' cautious about using mathematical terminology. In order not to introduce 
the t^rm ^*i:,ectaftgular parallelepiped they go so f>^ as to stat?e the^ 
rule for computing volume in this way:"* 
* 

To calculate the volume of an object, s4ch as a drawer^ 
^ > a box, a room^etc*, one ^must measure i^s 'length, width, 
arid height , '/usrng the, same vunit of measure, "and multiply 
the numbers obtained. The product is always in cubic 
" units [50: 139]. . ■ ' , ' 

''We see that, rejection of a term leads to an inaccurate s^tatement. In, 
other- cases, although the circumlocution chosen to replace a mathematical 
term may describe the concept accurately, it takes^ longer to say. For . . 
example, "the sum of all t^he sitJe^ of ^the rectangle" instead oX '^the 
perimeter of the rectangle," and %he like. Still, familiarity with the 
most cq^^n mathematical terms is Necessary 'for successful continuation 
of instruction in the upper grades. The ^ cons ide?feble difficulty children 
meet when thj.^y begin to study the regular geqmetry course occurs partly 
because in primary school they were ^pobrly^ tr^ained to perceive and use 
the tpf!^, accurate mathematical l^guager with which ^he mathematics' 
teacher opera tes . y * j . 

Observations and special experiments lately coa4licted by ps^cholo- 
gists and methodologists give \jk reason to assert that tne exceeding 
caution displayed in this res/pect in curretlj: teaching practice can be 
attributed only to an undefe^^tipiate of the pupils' potetitial. In the 
light of the new goals confronting our ^hools, the necessity *o£ revising 
the subject matter and method^^^^s tudying geometric material in the 




primary grades Is obvious. \ 

It is in this connecti,on tiiat»in the practice of individual teachers, 

and in. experiments by different groups of teachers, methodo legists , and 
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scientific research institute workers, a wide scale search is being made 
for th6 most rational way of improving teaching in the primary grades in 
this direction., More and mtire often someone calls for expanding the 
content of the geometric material considered in the lower grades and pro- 
poses the introduction of a number of new figures (for examples, the 

parallelogram, rhombus, cylinder, and others) to supplement. those now in 

♦ 

the curriculum. ' 

It is proposed, to inc).ude in the curriculum new topics which are 
especially important for a more thorough and conscientious study of the 
properties of the figures considered (for example, parallel lines and 
-the concep^ts of horizontal and vertical, among others). . However, revision 
of the curriculum should consist not merely in amending or supplementing 
the nomenclature of the objects under consideration, or in adding a few 
new topics to those now included/ It is important to .Bliminat'e the lack 
of system in the early introduction of geometry, and the lack of direction 
in working with this material. 

In particular, it is necessary tOjdecide what place geometry is to 
occupy in the elementary mathematics course. Should ±t be put'^to the 
service of arithmetic and function chiefly in the visual interpretation 
of aritlimetical facts, laws, etc., being considered? Should geometry 
problems merely demonstrate one practical application of arithmetic, or 
should geometry be given independent ijnpoH^ance in the course? 

An analysis of the current curriculum has convinced us tliat long 
as geometry occupies an insignificant, subordinate position in relation 
to arithmetic, it cannot serve to prepare children for , the regular geom^-^ 
try course. 

Obviously, the approach toward geometry in the mathematical training 
of younger students should be somewhat independent'. But does this n^ean 
that geometry should be^ singled out as a separate, independent academic 
subject ancl that the study of arithmetic and geometry ,shou^iiW§ceed 
along parallel lines? 

An idoa that has recently gained wide prevalence, that of creating 
a single mathematics course combining arithmetic with elements of alge- 
bra and geometry, calls for course in which all 'these elements are 
shown to be inseparably related. ,0f great interest in this connection 
is the question of what general approach might subsume the study of 
arithmetic and geometry the primary grades. 
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Deserving of the most serious attention, we think, is the approach 
to ^ving this problem outlined in the works of Pysbkalo [58] and 
Nesnkov [46], co-vorkers at the mathematics sector of the Institute of 
General and Poly technicLal^ducat ion of .the RSFSR, Academy of Pedagogical 
Sciences. T^e Institute developed just such a program for teaching .firsts 
through eighth-grade mathematics, in which arithmetic, algebra, and geom-^ 
,etry are interrelated. The main idea unifying this course, and helping 
to show the organic connection between arithmetic and geometry problems, 
is the theoretical-quantitative approach. 

Indeed* the operations of joiniixg two quantities, or of removing the 
appropriate part f rom^^qua'ntity , the concept of intersecting quantities, 
and the like, can all be interpreted both by using numerical quantities 
and by considering geometric figures as loci. Of course, this idea needs 
careful elaboration with regard to the goals of elementary instruction, 
and to the way primary ^schoolchildren think, and then experimental veri^ 
fication, but the work in this direction is intwesting and productive-. 

However, the above approach, re^atin^ arithmetic to geometric mater- 
ial in the elementary mathematics course, cannot by itself determine .what 
.specific geometric material should be studied in the primary grades- The 
task of interrelating children's concrete and abstract tr^inking should 
play a primary role in .solving this problem. Elementary instruction ill 
geometry should by no means be limited .to instilling certain spatial 
concepts and practical knowledp^G and skills in children,^. The procedure 
for teaching geqmetry should create cbndition^f or more extensive use 
of generalization. It is necessai^y to plan the transition from notions 
to concepts. Thl^s need is dictated primarily by the aim of preparing 
childreh to study the regular geometry course. 

However,^ in emphasizing the preparation of the pupils for later study 
of geometry, it should not be forgotten that the theoretical level of their 
geometry preparation can be raised pnly by systematically and purposefully^ 
enriching and developing their sensory experience, and that practical 
actions with concrete objects should help the children ^:o discover the 
specific characteristics of their^orras, and the relationships between 
different geometric figures and their el^nents, and thus help them to 
make suitable generali2iations and abstractions. 
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For example, by solving the elementary practical problem of fashion- 
ing a triangle from three sticks of arbitrary length, the children will 
be convinced, from their own experience^ that a triangle can be made not 
only from equal sticks but also from sticks of different lengths. And 
they will meet a case in which a triangle cannot be made from the sticks 
(the teacher should make sure this happens)., Even if it is tlot stipulated 
that the children know how the sides of a triangle are related (''Every 
side of a triangle is less than the sum of the other two sidies^O , practi- 
cal work in the primary grades will provide most valuable material for 
acquiring the appropriate knowledge later. 

Practical work should be of help not only to accumulating matacial 
for later generalization, but also for teaching children more rational 
methods of ooeration* Thus, in solving different kinds of practical 
assignments related to measurement (for example, measuring a broken line), 
the children can actually perform various operations leading to the same 
goal by different paths, and from their oWn expedience they can discern 
which of these ways i^ more rational. For example, in measuring a piece 
of wire which is bent in several places, they can measure the length of 
each section, and then add up the numbers obtained to determine the length 
of the piece; but they can al^o measure its length all at once, by 
straightening out the wire. 

In organizing practical work for the pupils, one ^hould always remem- : 
ber that concrete and abstract thinking should be developed interdependcntly. 
When ensuring th^t the children's sensory exp^z^lence is broadened, 
one should simultaneously help them to develop the ability to abstract 
themselves from these immediate perceptions, which reflect certain irral- 
evant features of the figures as well as relevant ones. Inability to 
abstract oneself from an inessential can of ten hinder the formation of 
suitable concepts. Below, we will dwell especially on 'this question, since 
we think it is of grave importance for inculcating a' geometric approach 
to ^analyzing the objects in the environment. 

In selecting the geometric material, -^it is a],so important to take 
into consideration What information about geometry the children desire 
or need in school and play and^^the daily conditions ^f life. In partic- 
ular, it is necessary to give special attention to interdisciplinary 
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conditions. It is well known that in lessons in many academic -subject"^, 
particularly labor instruction, drawing, and natiural history, ""students 
will ne^ much of the information arid many of the skills and habits that, by 
their nature, should introduced in mathematics lessons. 

At the same time, the connection between subjects should be estab- 
lished in other ways besides including, in the mathematics program, certain 
questions needed in work witti other subjects. Obviously the. connection 
should be two-sided. Thus, let us -^say , in'work lessons or drawing lessons, 
thfere are extensive possibilities for clarifying and. developing children's 

spatial notions and helping them to form "geometric vision"— the ability 

/ \ 
to see the form of objects, to compare the shapes of different objects\ 

in the environment. Work lessons sho\ild be used, in particular, for mak- 

. ing varipus figures and for applying sketching and measuring skills to tne 

job. ' > ^" \V 

All this doubtless inquires serious changes in the methodology of the^ 

teacher's work. Our goal is not to work out Iri any detail methods of 

considering geometry in primary school. We would only like to outline' 

and discuss certain specific ways of improving present teaching practice 

which can be utilized even under the cut rent curriculum. 

First, if we want to raise the level of generalizations made in 

Instruction in geometry (mentioned earlier in regard to arithmetical 

material), it is necessary to make a number of changes. For example, 

there is no reason why children who are familiar with triangles and 

quadrangles should be artificially protected from laiowing other polygons. 

Even if, after explaining to the children why ope tigure is called a'^ 

triangle fthree angles) and another is called a quadrangle (four angles), 

w^' then, showed them a pentagon, hexagon, and heptagon and tpld them^to 

name these figures, we would not. say that this broadened the program., . 

Hiis would not be an examination of new figures but merely awareness of. 

the principle of how they are designated. At the same time, this exer* 

cise would lielp the childjren to realize that the figures examined are. 

particular cases and that a number- of others may exist besides therfi. ^ 



Russian-speaking children could, because the suffix -ugol'nik 
remains the same for all of these terms (Trans.)* 
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This 'is of no little importance for developing th^ children's thinking and^ 
extending their mathematical field -of vis ion - 

-* 'Furthermore, if we want them to form a general notion of, say, a tri- 
angle, we must by no means limit their experience to knowledge of the 
equilateral triangle, as is done now (this, by the way, is stipulated no- 
where in the curriculum), .but on the contrary, we should* take care that 
children have the * opportunity not only to observe but also constantly to* 
meet triangles of various shapes in practical work, 5Jietching exercises, . 
construction exercises, and. the like, should be selected accordingly: 

In Chapter I it was shown th^t fhe two most important' conditions for. 
. forming concepts aye wide variation' of nonessential features, while keep- ^ 
ing unchanged the eslential features that enter into' the substanq^ of 'the 
concept being formed, and variation (complication) of the conditions ^ 
under which the pupil is to apply the concept being formed* 

These propositions can, in full measure, be extended to instilling 
generalized geometric concepts • Here it is iinportant to vary the mpdels 
the children are shown, and to change the conditions und^er which they are 
to recognize a certain figure. By slight Biodification of textbook assign- 
ments, one may use them to .this end to a greater * extent . In studying, « 
'say, the number 8, besides living the children mak^^ small squares with - . 

8 sticks,* it is also useful tp^ tell them to make a big square with the 

■ . . * . , ^ ' * ' 

'same sticks. * ; * . . ' 

Iir addition .tb-the figures given in l]ie ^ppend.ix of the first-^grade ^ 
; text, one.^hould use sets of c^rdtoard * squared- and circles of diverse 

s^zes ani colors. .Then it will be po.ssible for the "teacher repeatedly to 
call the children's attention 'to the fact that squares can differ* in 
various \^ays, in color, size, and - so on. ^ 

Not only should the sige and color of the figures for demonstration 
vary,, but also, without fail,, their position^ in jihe plane (children often 
will recognize famiiiar figures if a drawing shows ^them in an unusual 

position). Therefore, when siting the figures out on type-settUng linen 
or attaching them to a board with plasticine* it is necessary to m^ke sure 
thaU their .position on' the plane is not the same- every time. 

If it is necGgSsary to vary the' models of a certain shape widely in 
' prder to form^ general concepts, and then to differentiate the concepts, 

the most important ' thing is to compart various figures somewhat more often. 
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Exercises in figure-making can be very useful material for such compari- 
sons. Thus, after the children have been told to make a square and a 
rectangle f rom ^sticks, it is useful to ask how many and what kind of 
sticks are needed to make a square, how many and what kind for a rectangle. 
By answering this question, the children become more aware of the differ- 
ence between a square and a rectangle, 

Exercises related to measurement, aside from their importance for 
evolving measuring skills, can also, under certain conditions, help the 
children to dif f erentiate Njppropriate concepts. For example, before the 
children are told to measure the sides of a given square and a given 
rectaagle, they can be asked which, of the two figures depicted is the , 
.square and which is the rectangle. AfXer the children name the figures 
and measure thei| ^ides, it is important to call their attention, to t^e 
results of the measurement. If the tfeacher repeatedly calls their atten- 
tion to the fact that two .pairs of identical numbers are obtained every 
time the sides of a rectangle are measured, and that all four numbers 
are identical when the sides of a square are measured, it will serve as 
good preparation for conslderitig. the properties of the rectangle and the 
square in later "grades and wi^l^e ^a basis for distinguishing these 

figures. / * V 

Of course, one cannot carry out the tasks of Yefining, generalizing, 
and 'differentiating the children's geometric concepts separately. These 
proc4s8es are all intimately related! However, first one and then another 
of tnese tasks may take precedence. It is important for the teacher to 
keep these tasks in front of him and to work conscientiously and purpose- 
fully to develop the children's spatial ideas and noL-hope that they 
will deVelop by themselves. 

^ Later, the children . should be taught to discriminate figures, to 
relate them to one category or another not^ merely on the basis of external 
similarity or difference, but ""^^^ l^iJ^s of analysis— of sides (equal 
or' unequal, what sides are equal) and angles (right or not). That is, 
by consciously singlinc-, out the significant features and abstracting 
them from the Insignificant.. The methodology should envision systematic 

> 

work itfi this direction. , . 

The proces's of masterin^^, concepts, is the process of ^rahsf ormi xip, 
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-what knowledge the children have into still more generalized and differ- 
entiated knowledge* Let us demonstrate this by example- Try this 
experiment, with the children. Tell them to classify several small card- 
board figures, let the rectangles differ in the ratio of adjacent sid$s 
(6 cm. long and 3 cm. ^ wide, 8 cm, long and 1 cni. wide, etc.)- Tell the 
children to locate all the squares and. all the rectangleSy and to lay, 
aside the figures that can be pxit neither with the squares nor with the 
rectangles. The children will, find the squares, but they will name as 
rectangles only those figures whose width is two or three- times leas ' ' 
than their length. Long, narrow rectangles they will call ^'rulers, ' 
"little stripes,.'' or 'Columns. This mistake is quite often encountered 
in children. To what can, it be ascribed? T^e poliit is that the changing 
ratio of t}xe\ sides changes the external appearance of theXigures, siakitlg. " 
thejti b^ar little resemblance to 'one "ahp^h^r , . Relying on the. external 
resemblance of th^ figures, the children da, not regard figures dissimilar 
to the sflbndard ones as rectangles ♦ - . 

.It 'is very important for Che child to have stmHar / dif f icul^ty later 
when he learns otlier concepts of geometry' (parallelogr^,, trapezoid, etc.) 
There the changing ratio of the sides makes variations of the same geo- 
metric shape dissimilar. .The mistakes will ^disappear 'only when the chil->, 
dren learn to relate a number of figures to one category (say*, rectai^gles) 
not on the ba^is of superficial Similarity but >y disqerning essential 
features and abstracting them from Uie inesse^ntials^. Thtis, knowledge 'of 
the properties of figures and mastary of the concepts '^square** ^nd "rec-- 
tangle'^ allows us to overcome the limitation on knowledge that inevitably 
results from letting the children approach geoi^etrlc figures from tte 
standpoint^ ^of superficial resemblances and differences. ' As children form 
geometric concepts, their knowledge^ of shapes rises to a new level and 
becomes more generalized tii\d differentiated. 

However, it is not enough simply to impart to the pupils information 
about the properties 6f geometric figures; it is necessary to organize 
work for mastering these properties. We shall' not list here exercises 
which can be unecl to this end/ We shall only observe that those in whicJJ. 
it is necessary to use knowledge of the properties of figures actively, 
to , manipulate geometric forms, should occupy a central position among 
tHem. - <' , 
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In exercises which require the children to measure the sides of a 
given rectangle, to find the perimeter of a square with one side equal 
to so many centimeters, or^ to draw a rectangle whose sides are known, the 
children deal with an assigned and named figure. But to develop concepts 
of shapes, assignments which require them to determine what the figure 
is, how it differs from another figure, why it can be called a rectangle, 
and so on, are of great importance, The text has very few assignments 
of this type* However, the teacher can easily supplement the textbook 
by having the ciiildren work independently with teaching materials* For 
example, every pupil gets a sm^ll card depicting a square and a rectangle 
that is nearly a square 'in the ratio of its sides. The assignment mis- 
stated 'like this; ''Measur^e -the sides of the figures on the card and deter- 
mine which one, is the square 

• In doing the assignments discussed above, it is more often necessary 
to use one of the essential featuras of a concept (equality of sides: 
all the sides of a square, opposite sides of a rectangle). It is also 
important, however, to give 'the children exercis^ee which will bring 
another feature, right angles. Into consideration. ^ 

The role of this second feature can be dembnstrated to them only if 
exercises are conducted in recognizing right-angled figures among figures 
that 'are not r ight-iangled, as well as by comparing a square and rectangle 
Especially valuable in this regard are Assignments requiring the children 
t^ recognize squares ajiiong rhombuses, rectangles among parallelograms* 

The curriculum for the primary grades does not stipoilate the , intro- 
duction of rhombuses and parallelograms. Therefore in conducting the 
corresponding exercises, one may distinguish between a ''square'^ and a 
"non-square,'' a ''rectangle^' and a ^'non-rectangle.'* In practice, appro- 
priate classwork can be conducted in the following manner. The teacher" 
distributes cards to the children which show geometric figures (two or 
three, and a larger number later) in various positions: for example, 
let one card show a square and rectangle, another — a square and a rhombus 
a third — a square, a rhombus, and a rectangle (or rectangle and paralU'l- 
ogram) , and the like. Tlie children are to find a square among the given 
figures and to measure its side (if the work is conducted in second 
grado), or to calculate the sum of all the sides of the squ^e (third 
grade), or calculate tht^/aroa of a rectangle (fourth grade), and the like 
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Such exercises will make the childrerw^^tively use the knowledge they 
have acquired and will facilitate tjie formation of the necessary generali- 
zations . 

If, further, we wish to develop propositions, whose comprehension 
requires intelligent abstract thinking by the children, which will not 
remain ec)pty ph^-ases for" them, then we should plan a. system of exercises 
in which these abstract-^rn^a*^ will be replete with concrete substance. For 
example, if we introduce the concept that a straight line can be continued 
as far in both di^ctions as one likes, then it is necessary to reinforce 
thi^ proposition by making the children apply it in practice. Pyshkalo 
and Neshkov. used a good exercise of this kind in their experiment [58]: 
The childi^en were ^iv^n.d drawing of 'a straight line and several points 
on the line, outside of it,v.and on the xnental continuation of the line 
^segm^eat traced on the picture. The pupils had to enumerate the point^ 
lying on the given line. -\ . ^ 

We have already mentioned that the- ability to see and recognize 
familiar figures, not just wK^n they are isolated In a drawing but also 
when they are ele^nents of more complex configurations, has great signif^^- 
cance for later geometry work -in tjie upper grades. If we want the chil- 
dren actually to learn this, we must create teaching conditions under 
which they will repeatedly- carjry out the. proper exercises* 

The simplest of them is, let .us say, to enumerate all the segments 
obtained when a straight line there are given ^f our points, all the 
half'-llnes that can be formed here, and so on. Wlien introducing a, figure 
as a locus of points, great possibilities are opened up for considering 
various instances of the intersection of two or of several figures* Suit- 
able exercist>s can easily^ b.^^^ < related to an explanation of the new figures 
obtained. -j" * ^ ' ' 

Quite useful, too, are exe;:&ises' in which the children themselves 
must construct new figures from several gj^Qn ones — for example, con-- 
structing a rectangle or a square^ from given triangles (to" make the 
suitable malerlals, it is * enough to cut up sL rectangle or square into 
the appropriate parts)* The children receive both these exercises, and 
those which call for superimposing, rotation > parallel shifting of 
figures and the like, with great Interest [7]]* 



Elaborating and systematizing such exercises, and searching for 

more successful methods of conducting them, is one of the most important 

tasks now confronting the methodology of elementary mathematics teaching 

• . It is perfectly clear. that all the complex problems which arise 

in connection with creating a'^t^fele elementary mathematics course, an 

organic part of which should be geometric material,, can be solved only 

on the basis of special experiments. But even now in teaching practice, 

teachers can do much to improve the preparation of primary-grade pupils 

for the regular geometry course. 
« 

The accumulation of experience in setting up systematic^exercises 
.intended to form and develop concrete n^otions of shape, spatial position 
and object size, exercises Wliose purpose is to instill the necessary 
generalizations and the first geometric concepts,- can render an inesti- 
mable service in subsequently developing the methodology of elementary 
. mathematics instruction.. 
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CHAPTER VI 

DIFFERENT KINDS OF PUPILS AND HOW TO APPROACH THEM 
IN ARITHMETIC INSTRUCTION 

The preceding sections discussed ways to improve methods of teaching 
arithmetic, guided by knowledge of the way in which schoolchildren assimi- 
late material. Knowledge of the general features of learning is very 
important for making methods of teaching arithmetic more effective, but 
it is not enough. In the same class, at the same level of instruction, , 
oTie cj^ encounter children who differ greatly. Some comprehend the 
material easily, whil^ others are passive, and so on* ^ 

Teaching can achieve goo^ results only when the individual psycho- 
logical differences disclosed in the process are taken into account. 
But the question naturally arises, where and how are these differences 
revealed? Their manifestations are extremely varied, and the education- 
ally suitable method for approaching a child can be ensured only if we 
know what individual traits displayed in the process of instruction are 
typical or characteristic of the pupils as a'^rbup. 

Tills chapter' is devoted to a consideration of the features typical 
of the way primary schoolchildren learn arithmetic. In revealing these 
peculiarities, we shall be describing an individualized approach to chil- 
dren in the teaching procedure. It should be stressed tliat- such an 
approach, can be effective duly if it is consistently implemented at ail 
stages of instruction: when new material is introduced, when independent 
exercises are organized, when the pupils recite, and in their homework 
assignments. 

There is still another kind of work made especially for slow pupils— 
^supplementary assignments. These sometimes do not bring about t^e desired 
results, but only because they are used with the very limited objective 
of giving the pupils additional practice . with something they have not 
mastered sufficiently. This narrow objective is attainable by supple- 
mentar>?yexercises, but when these pupils go on to new material, they 
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have similar dif f iculties ^ttid again IJ^, behind,. 

To overcome this and thereby forestall failure, it is necessary, 
in effecting an individual approach at all stages of instruction, to 
set higher goals, that is, to cHfenge the individual psycholc^ical traits 
of the pupils by (Cultivating those qualities of mind and character whi-ch 
are insuf f ici^en^p developed^i^'rousing their interest, in arithmetic, 
and forming a creative^^.,ifutiat05y approach to school activity, using 
every oppo rtunity^^-^^ev^op their capabilities. 

However ,f*a^complisIiment of these broader tasks, undpr the conventional 
classroom system of ' instruction, encounters ^ number of difficulties. Unde 
these conditions, possibilities for individualizing the teaching procedure . 
^ •^^^very limited. At the same time, avoidance of failure and of repeti-. 
ti^ of a year depends to a substantial degree upon expanding the oppor- 
tunities for individualizing instruction. But. how can organized class 
activity be changed to this lend? ■ \ 

Teachers are working on this question. Deserving of particular atten** 
tion is the experiment of Budarnyi, who heads the "Methodological Center 
of Kalinin District of Moscow and who, together with teachers, is putting 
new forms of lesson organization into effect [8]. 

^ By this system, the class is divided into three groups, depending ^ 
on typical learning tr,aits, or as the authors expresses it, on their 
"scholastic aptitudes*' — high, average, or low* Tlie, pupil groups work 
with three different versions of the assignments, gaining knowledge, 
^ ability, and skills at their level. With such an organization, optimal 
conditions are created for the pupils' systematic growth, for transfer 
from one group to another— from a group of poorer pupils to a group of 
better ones. 

The educational aspect has considerable importance in this' system. 
The children wiio learn the material poorly have the opportunity of getting 
high marks by receiving assignments within their powers, and thi^has a 
positive influence on their attitude Itotrard schoolwork and awakens a 
desire to learn even bettor. 

Such an organization of the lesson is being implemented experimentally 
in the primary grades, group work being combined with work of the class 
as a whole. Further and expanded verification of this experiment is 
needed, serious work on creating differentiated assignments is in prospect, 
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and ma^y methodological problems are still unresolved. But one thing is 
already clear; it Is necessary to conduct the lesson in such a way that 
the .distinctive learning traits of different students are taken into 
consideration. - 

In this chapter, vte shall pay particular dttentiijn to the question 
of the form in which children manifest certain traits when they are assimi- . 
lating various arithmetic materials at different years of schooling. Thus 
the reader, having leajmed from this chapter how certain, individual 
psychological peculiarities of schoolchildren are manifested, will be abl^,.^" 
to draw conclusions in two directions: first, *how to study the children 
by bringing out their distinctive traits, and second, the proper ways of 
approaching each, pupil individually • 

We will give basic' attention to describing two types of pupils: *those. 
with a high aptitude for aritlimetic ^nd those whp ;lear|3r arithmetic with 
difficulty. We have chosen .to describe two contrasting types of pupils, 
but we will not limit ourselves to showing the psychological features 
only in these, the most striking manifestations, but will try to show 
how deviations from the t5rpe"HDf pupil described might be displayed. % 

Thus, we direct the teacher's attention to discernment not only of 
similar but of different traits when he studies the pupils, and we point 
out that sometimes different psychological traits hide behind outwardly 
similar ones. Relying on such a study, the teacher will be able, in 
working with the. class, to outline methods of individual treatment which 
should be applied to the entire group of pupils, and along with tliis, to 
plan work with individual pupils, taking their uniqueness into consider- 
ation* / ' 

In every section of this book we discuss the most effective ways 
of approaching pupils individually. HoiJever, this question requires 
further elaboration, with the active participation of teachers. 

1 • Pupils wltl^ a high a ptitude for arithmetic 

This type of pupil usually reveals himself very quickly in the first 
days of school. These pupils, as a rule, come to school with a better 
fund of knowledge; in particular, they come prepared for school instruc- 
tion, preparation which shows up in their ability to subordinate their 
activity to the tasks set by the^ teacher. Tliey easily master the rules 
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of conduct in school and comply with the demands made on- them in the 
learning process* 

The mo&t striking feature of their academic activity is the q uick 
tem po at which they learn school material. Quickness in learning is the 
external Sign behind which lie hidden definite qualitative features of 
.the learning process and a higher level of mental activity, which is 
implemented in learning • 

This level is characterized, primarily, by more highly developed 
analysis and synthesis, generalization, abstraction, and concretization. , 
This can easily be discovered .as instruction progresses and with various 
school materials. Perhaps a child who enters school in this category 
does not know a great many numerals and knows how to count by units 
only up to 10. This is not important. The essential- thing is something 
else — how the pupil will determine quantity in the number figures offered 
him, such as I ! I ! • The child who performs analysis and^synthesis at 

higher level will immediately notice dnd select a convenient grouping 
of dots and use it in counting. Instead of' counting the dots one at a 
time, he will resprt to the more rational method of converting the number 
figure into a cardinal number and count by groups C*4 and 4 !inake 8") - 

' The pupil who shows an aptitude for arithmetic will make a generali- 
zation t^y himself in cases when many of his,. classmates still do not have 
one at their disposal* For example, on the basis of his experience with 
performing the operation of addition (with objects), he will quickly come 
to t^e conclusion tUft the numerical result does not change when the • 
name of the Ejects being calculated is changed. Naturally, he still will 
not state it in the form of a rule, but he will use this generalization 
in practice — when he receives a particular numerical result from computing 
with certain objects (for example, matches**), hp will carry it over 
to other objects (blocks, pencils , etc .) , saying Immediately, without 
recounting, '^That's 8, too/* This single word *'too** expresses generali- 
zation and abstraction, since tlie, pupil distinguishes an essential, general 



'^Naturally we mean hero, childi^en who have been taught in kindergarten 
to count by groups using numerical ^figures • As psychological research 
shows, under these identical conditions, some children master more 
complete forms of analysis and synthesis when they operate with numbers, 
while others only count by units*! 
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property (the correlation of numerical operation and result) and divorces 
himself from nonessential features (the qualitative aspect of the calculated 
objects), , 

To ascertain to what degree a first grader knows how to discern essen- 
tial features, we can offer hisn a problem in which inessential elements of 
the condition are deliberately stressed, wiiile certaii^jfi^sentials are, so 
to speak, put at a disadvantage* Such, for example, ts this arithmetic 
problem: 

A boy went to the woods for mushrooms 2 times. He found 
5 white mushrooms the first tllne and three white mushrooms 
the second time. How many white mushrooms, in all did the 
boy find? / ^ ... j 

It is not hard to see that an insignificant datum ("2 times"), having 
no bearing on the arithmetical content of the problem, is written as a 
digit here (thereby prompting the children to use it), while a significant 
element of t|he condition (*'three mushrooms"), on the contrary, is expressed 
not as a digit ifut in letters, some'thing the children are not used to^ 
Pupils with high aptitude in aritlimetic solve this problem. They discard 
the extra datum and use the necessary numerical datum correctly even 
though it is written in letters. 

\_ , . . ' 

Pupils in this category accurately and subtly delimit concepts and 

s^tems of knowledge and skills*. A number of systems of knowledge and 

skills which are introduced in the mathematics course have similar fea-- 

tures. The two ways of designating numbers when solving problems in 

"division into parts^' and "division by Content," which "children have to 

learn in second grade, are a conspicuous example of these systems. 

Many mistakes occur with thi$ kind of problem. Either one' system 

of designation is substituted for the other, or isolated elements of the 

two systems are confused. Pupils who learn arithmetic easily manage 

even this difficult task. As the^ become familiar with a condition, they 

are aware of it, in general, that Js, even in the initial analysis they 

relate the problem to a particular type. From the ve'fy start, this makes 

them aim at a definite form of writing the numerical data when solving 

problems. In the one case (division into parts) they write a concrete 

dividend, an abstract divisor, and a quotient with the same concrete 

name as the dividend ,< In the second case (division by content) they 
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also write a concrete \3:ividend, but then change the form for writing 
the concrete names,, in comparison with the firs^: case, by putting down 
a divisor of the same name as the dividei^. They write ^ the quotient 
with another name, in brackets, or they leav^ it as an abstract number. 

In solving problems of this kind, the solution should be checked 
thoroughly, and it is necessary to keep a generalized description of the 
type of problem being solved constantly in mind* This feature of perceiv- 
ing academic material more generally, of_ immediately relating it to a 
definite category of phenomena (on the basis of rules or principles^ 
studied)^ is a very important trait of pupils who learn arithmetic easily. 

They have this kind of generalized perception, or more accurately, - 
recognition, in regard to type-problems. In this connection, recognizing 
the type of problem studied, they are guided, by the sum total of signifi- 
cant features, not just by any individual features that happen to strike 
the eye. They manage to perceive the relation between data and unknown 
behind a reworded ^ condition. They separate the familiar/^rt^^ the 
condition from the new, extra part and distinguish (dlfterentlatej\ prob- 
lems of similar types, ^ ^ 

Such pupils can easily make problems more concrete. The cXas^^/advances 
to operations with abstract numbers, such as doing table multiplication ''in 
their heads," but as soon as they are told, these pupils can return to 
previous stages and make this operation more concrete. Tjiat is, they can 
demonstrate it with objects as the addition of equal addend^. 

In this connection, a very Important, trait shows up — a flexible or 
mobile mind, by virtue of which the pupil can, on his own initiative, 
change (vary) calculation techniques. For example, if he forgets a 
result *in the multiplication table, he either reproduces the result of 
the nearest combination of numbers he can remember from the table and, 
with this as a guide, determines the desired product, or he replaces 
multiplication by the addition of e^iual addends. 

Knowing how to use various techniques of calculating, the children 
at the same time know how to limit themselves in using them, selecting 
the most rational of them, depending on the featui^s of the example being 
solved. The pupils' discovery of characteristic features of assigned 
examples hinges on an ability to analyze • 
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Schoolwork continually confronts children with the task of changing 
the method of operation according to a change in the condition, and. 
they must oftei; solve a series of similar assignments, after which comes 
another one that requires them to change their method of operation. In 
such cases our pupils notice the change of condition and reorganize their 
method of operation accordingly. For example, after solving a series of 
addition examples, at the right time they notice a change in' sign in the 
next example and' carry out subtraction correctly. 

Besides assignments of- this kind, pupils in the upper grades have 
to sol^ more complex ones , overcoming the analogous tendency to repeat 
the preceding operation. " This occurs in subsiding a series of . particular 
cases urider a general rule. Here it is not enough to discern any one 
element (for example, the operation sign); rather, the relation among all 
the elements of the condition .must be' established . For example, when 
third graders apply the commutative law of addition to solve the examples, 

7 -h 3 ^ 2 -h 7 = 19, 
3 + 2 + 7 + 7- ? 

they do not make calculations in the second line, because they notice that 
it has- the same numbers ^s the first line. And altiiough they^ have had to 
apply this law over and over again, some of them, those with a flexible 
mind, do not make a mistake even when, right after these examples, they^ 
are given an example outwardly similat but not subject to the given rule: 

6 + 2 + 4 » 12, 

2 + 5^+ 6 .= ? 

So in this case, overcoming the desire to act by analogy, they notice the 
new addend in the second line, though to do so they have to carry out the 
rather complex operation of comparing two rows of digits. 

Children learning aritlimetic are often required to reinterpret certain 
principles studied earlier. And pupils with flexible mind's manage to do 
it successfully, although it gives great difficulty to the Qthers . For 
example, in over two years of practice in solving examples the children 
become accustomed to the necessity of performing operations with numbers 
in the order in which they are written. ITien in the third year they meet 
a new rule: The solving o^der may coincide with the written order, but 
it also may not coincide, depending on the operations (higher or lower) 
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one dust deal with.. , V. • 

This £a,sk is especially complicated when the children have to apply 

' p 

hoth these principles^ orxe right after the other. To prove this to your- 
^ self,' give th^rd- and fourth-grade pupils these three examples after 
they study operation orUer:- 

.. ^ 1) • 8 X 3 + 6 * 
> 2) 5 + 6''< 4 = 

3) 2 X 3 + 4 5 - * 

In the first one, the order of solving coincides with the order in which 
the numbers are written; in t^g second and third examples it .does not. 
'A number of pupils will make .mistakes when solving the last two examples, 
liljiening the'm- to the first anjd performing the operations with the numbers 
in the order in which they were writt"en, ^ * 

^ Stiudents with flexible minds, however, 'can 'cope with this assignjnent 
They use not only the first, fami^ar rule tn solving the exaijiples but 
also t^he second — the new one — although it contradicts their usual experi- 
en*fe. ' It is characteristic of these pupils that studying a new rule 
reorganizes the 'very way they perceive t;h^ operations df arithmetic, as ^ 
' operations of different stages f This is seen from howthey substantiate. 

the ord.^r in which they carried out the operation — they do not state a 
^ grille but only indicate what stage the operation belongs to. 

FleK:ibility of mind can manifest^tself in the most varied forms, 
not only in solving examples and probii^ms (as discussed above) , but also 
, in composing problems. ;In this "kind of activity, the ability of the chil 
^ dren to^ vary .|yhe problem ^s story to express a single operation of arith- 
metic is of special interest. For example, directions such as these 
.aVe given: ^^Think up a problem where you have to add.** After the pupil 
has composed a problem, he is again told tp think up a.problem including 
tl^^ same operation*. . 

Let us quote a set of addition problems devised by one of the pupils 
who "iGarn arithmetic easily. ' - . • 

Problem 1: V*Masha had 3 kilograms of acorns; the second 
; time they went to the woods sh^ gathered 6 .kilograms more. ' - 

How m^jiy kilograms does she have altogether? , 

Problem 2: **First a boy picked 6 apples from an apple j 
tree, then 4 more. How many apples did he pick?^' j 
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PrpblW 3: "Three cars ware driving down the road, then 6 
more cars drove by. How many cars were driving down the road?^* 

We see that ^he sto'ry in the probleJn changes everyiftime, and the 
everyday operation that expresses addition ("gathered/' "picked," "drove 
by") varies accordingly • We see that the boy Is not confined to a single 
formulation. ^ ^ 

We have been trying to show in what foVm certain traits are mani- 
fested in ' children ' who learn arithmetic easily. Aetiveness and flexi- 
hility of mind are manifested most strikingly in that these children 
approach a new story problem as a mystery whose methods of solving must 
be found; they do not rush into calcalation but analyze the problem^ s 
condition. ^ As t^hey proceed to solve partial problems, they keep the 
c6ndition of the problem as a whole within the sphere of their attention; 
as they. repeatedly ask themi^eives whether a given"- operation needs to be 
performed, they constantly keep in mind the probleih's last question and 
the other data in the condition. The most difficult kind of analysis — 
analysis dinect^fd toward subsequent operations and characterized by 
"anticipating"--is within the powers of tT:Tese pixpils when they are still 
in the^primary grades (of coiirse, with ^e proper teaching method^). 

It. is also very .important for 'tlxem to have doubts while they |^re 
solving ("1 ck)n't think it*l| work/this, way — 1^11 see what happens, if 
f divide," etc.); Having transformed the problem's condition, they 
continue the analysis, reject' methods they have used, if necessary, 
and again search for the right ones. 

Some begin applyl^ig graphic analysis (if the teacher suggests it), 
that; is, they illustrate in diagram form the relation, expressed in the 
problem's condition, between data and i junknown • * ^ ^ 

All of this characterizes the creative, or as they« still say, the 
»/*productive" approach to problem solving. ■ It is closely allied with 
an interest' in difficult problems, with the awakening of the sq-called 
"intellectual" .'feelings, and above all,* with enjoyment of. mental activi- 
' ty itself, of suQcessfully solving a new' problem without assistance. 

Of course, these pupils also make mistakes sometimes (especially 

in solving more difficult problems by themselves), but being eimotionally 

involved in their mistakes, they quickly overcome them. 

* .» 
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^ Typical of the category of pupils we have described are a pains-^ \ 
taking and responsible attitude towards study and a high receptivity to 

the moral aims cultivated by the School. For these children, a coti- 

■ 1^ ■ 

scientioua attitude toward their obligations as pupils is natural and 
necessary- ^ 

Pupils in this category display^ organization ^nd concentration in 
their studies. If we observe them preparing their lessons, we will notice 
that they begin by preparing tlvfif* work space. Tliey carefully familiarize 
themselvijg^ith the assignment; if they read the text aloud, they observe 
the prop^^^Mtonations. Some of them, in doing an assignment (an arith-- / 
metic p^f-ablem, for example), whisper or reason out aloud in order to 
facilitate their own understanding. .Wliere the work causes no problem^ 
they do not use^speech^ ''They work with concentration and are not dis- 
tracted as they carry out assignments in different subjects • ' 

' We have described the type ^f pupils with the most highly developed 
positive qualities. Hieir ahtivity and f lexil^lity ,af mind c combine' with 
an emotionally colored, positive attitude toward study, with interest, 
a sense of duty as a pupil, and organization of their work. 

.Tl|ts^category of children should be approached,^ above all, by 'syst-e- 
matically providing them with enough material to r^nf orce and further 
develop the^ir positive quali^iies during instruction. In working with 
the dlass, there is always the danger of losing sight of these pupils. ' 
while giving special attention to pulling up the laggers. Making those* ^ 
learn who are distinguished by their slowness, can hinder the developn^nt 
of children of higher aptitude. Wit?iiout sufficient sustenance to satis- 
fy their interests ami intellectual activitiy, they will gradually lose 
their positive ^quallties—th^ir, interest will be spent, they will show 
passivity. They may even-f^eCome discipline problems. In what specific 
ways .should children with a tiigh aptitude fo^ academic material be > 
approached ^ a group? ^ With this^J.n view, individualization of assign- 
ments for independent work is necp.ssary — along with the examples and 



A comprehensive description of primary schoolchildren, partic- 
'ularty pf this^ tlifi most numei:ous, group with a responsible attitude 
towkj)i study is given in [6^]. * 



problems solved by the whole class, the teacher should always have an 
additional number of assignments of increased difficulty to give the 
children who. cope with the* classwork more quic!U.y* To th^s fend, Popova's 
Didactic Material may be used with benefit in all four yeafs^ of instruc- 
tion. 

Th^* teacher has' extensive opportui^ties to utilize the pupils^ in- 
tellectual activity, when he introduces new material, by letting the 
pupils participate directly 'in deriving a general rule or law by noticing 
common properties in numerical facts, helping to put the rule or law into 
wdrds^and inventing new, particular examples supporting it. Tiie pupils 
Ci^n'take an active part in checking papers by other pupils, and in 
vai;ious forms of activity out of class, aimed at developing their mathe- 
matical abilities. The mathematical oljrmpi'ads ar^ganized for primary 
schoolchildren ar'e valuable experience. 

We liave . described the most striking type of pupils, who have a 
whole aggregate of positivt| traits. But it is perfectly natural that 
in life, in school practice, we should encounter the most diverse 
representatives of this type of child, closer to or farther from this , 
''ideal" we have described, wiio also have certain weak points: For: 
example, the pupil who is capable of high-level intellectual activity, but 
in whom an insufficiently responsible attitude toward study engenders a 
certain unsteadiness in his work — he works actively *only to satisfy an 
immediate interest, or he does not have' habits of otganissed work. Tliere 
may be substantial deyiation in the ciiaracteristic features of a pupil's 
thinking: Quickness in generalizing may combine with a certain slowness 
in switching from 6^ method of operation to another, in the "processes of 
generalized recognition; the pupil may rev^^al an inclination to be guided 
by inessential, external criteria, and sc^ on. 

That is why it is very important for the teacher, in systematically 
studying the- children in the course of schoolwork, to expose tteir weaker 
sides so that a harmonious development of all their positive qualities 
may be achieved. 

2. Pupils with a, lower aptl tude for aritlimet ic .- 

« 

In this section we shalVmaintain the same order of exposition, 
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After giving a xiescriptioti of tke psychological features of this type 
of. pupil, we shall go on to discuss tlie most effective ways of approach- 
ing this group of children. Then we shall .touch upc^ possible divergenc- 
ies ,^rom this type of chiXd and the changes that must be made in an indi- 
vidual approach. ^ ' . * 

Frequently, difficulties in assimilating material are also combined 
with difficulties in learning rules of conduct. In this connection, 
the pupil, so to speak, "walks away" from the task set by the teacher, 
svibmitting to hi.s demands neither in* academic nor in instructive work. 
This shows up in the first days of school. 

For •example, > in the first days of arit^wae-tic instruction in first 
grade, the children are told to sketch a certain number of objects in 
their notebooks, corresponding to the number and digit they are studying. 
But some children display characteristic mistakes. The number of objects 
in the drawing does not correspond to the given number and digit. They 
sometimes . draw as many as the notebook can hold. Thus the children, 
carried away by the process of drawing, overlook the academic task. A 
•similar phenomenon may occur at this stage of instruction when the chil- 
drew are given the assignment of expanding a number* For example, they 
are told to spread out six circlte however they want onto the left and 
right sides of the notebook. A substa^itial ^art bf the class uses a 
definite principle of expansion, in accordance with the assignment, while^g 
individual pupils, overlooking the assigned task, ^raw circles in any 
order, not bothering to correlate the rows in, both columns, and they feel 
' that the task'^is compietefi when the , whole sheet of paper is crammed with 
circles. >' 

Subsequent observation of these children during schoolwork discloses 

that they fire notable fpr the slow ttempo at which they absorb the materials 

1 

Most pupils in the class ^lave already gone on to more complete calci^lation 
"by groups of units in connection with addition* whij.e these children 
continue to employ the most 'elementary method — counting by I's., Or, when 
a significant part of the clas's has ^ne on to abstract counting, these 
children are still counting on their f ingers with sticks, or the like. 

This slow learning tempo testifies to a low level of mental acTtivity. 
Weakness in generalizing shows up most vividly. A pupil will repeatedly . 

/ 
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,add 3 a^d 4 by using sticks, for example, but when asked how* much do A 
pencils and 3 pencils make, he either will answer don't know" or will 
get some pencils to count them. ^ 

An inclination to rely on purely jS^ernal , inessential, ^criteria shows 
up very# clearly in the generalizations such^a child. T];ius in solving 
arithmetic p^blems, to him the main and decisive thing is. not the meaning 
of the p^blem iDut rather certain formal! aspects , as, for example, that^ 
^ the number is writteji ^as a digit. Give such a pupil a problem in which ^ 
-*une of the data is written in letters^ and this wlll^ci^ate difficulties 
■for him. * 

Nadya had '4 kittens. She g^v^ one of them to a friend. 
How many kittens-^did Nadya have^l^ft? . 

After reading the problem .through, the pupil * immediately names the first 
numerical datum, ''Add 4 and,..,'* but here ihe ^feiusQs , say^ing in amazement, 
"And what?'' He didn't find the second num^riciil datura*1)ecause it was not 

T , 

■ written as a numeral. Hjere we see^ not only weakness at generalization, 
'but another feature inseparably lirtked with low ^enYal .development — 
iner tness of thinking, its low mobility. ^ , 

This group of pupils sl:auncialy clings .to customary methods of operat- 
ing and tends ^o repeat an operation over and over again, \Tliis Is mani-, 
fested in varioiis degrees in different pupils • Let us deserve the most 

- 4 

extreme manif es tatit)ns of this, peculiarity. 

When examples are solved, one of the numbers in the condition is 

written (repeated) in the result: 8 - 7 + 9Sv 9 (Instead of 10) or 

2 + 6-3=2 (inst.^ad o^^) , and the like. When ^ sixties of^ex_amples 

are solved one after the otli«, the preceeding example Is fixed In the 
I 

mind, thertiby excluding the new problem. ll^is exclusion may have to 
do with the operation sign, so J^hal the pupil continues to carry out 
the operation he did before without noticing a change of sign, or it 
concerns thti nature of the numbers* example, a first grader would 

Inl tially 'he ^olv^n^ examples in adding a two-digit number and a one- 
digit number; tl|e next column has examples in adding one-digit numbers; 
he solves them Incorrectly , likening a one-digit number to a two-digit 
number, under the influence of the examples done earlier. 

in 



When independently composing problems, the most distinctive feature 
of the slow pupil's procedure is the extreme uniformity of the story aspect 
of the problem and, in particular, of the words that determine the opera- 
tion. For example, take these three addition problems that one first- 
grade pupil thought up: 

1) A Tittle girl first bought 5 meters, then 2 more 
meters. Hew many were there • in all? ^ 

' . f ■ 

2) A little girl h^d 10 books, and she bought 10 more 
books. How many were^ there in all? 

3) There were io flowers in the window, and mother • 
bought 10 more flowers. Tlow many were there in 
all? 

It is easy to see that the same word, "bought," and the same question, • 
"How rainy were there in all?" figure in all three problems. Thus the 
pupil makes the' task much easieV for himself by not essentiall|y varying 
the wording o'f the condition. 

WeMiave cited a series of examples, showing how, in carrying out one 
stiidy assi)^pient (or a aeries tff assignments one after the other), the 
pupil obstinately keeps the preceding operation in his mind, refusihg to 
adyaik the 'next new '^problem. A similar phenomenon takes place when the 
study of different topics is separated by a jjieriod of time. 

The more familiar sections of the material^, which were studied pre- 
iously, influence the study of later ones in such a way that newer 
thods of operation are replaced by ones the children are more, accustQme» 

Highly indicative in this respect are the mistakes first graders 'make 
when they go f rom "sc^lvTiig-ahd con^cruating examples to construqting story 
'problems. For example, when told to construct an addition problem, h pu- 
pil says: "At first there were 4 airplanes flying, then 3 more.... 
5, 6,' 7, 8," With this he concludes the problem without having formulated 
a question, and intludlng in the condition a (wrong) numerical result 
obtained by counting. In reply to' the request made riglU: afterwards, to 
think up a subtraction problem ("where you have to take away"), he does 
not respond to the changed instructions buf again, ignoring the question 
of the problem. Includes a numerical result-T#n the condition: "First 10 
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airplanes wara flying, and 3 more flew after them; 3 more were added 
to the-ia-. . . -J^P^^ll, 12, 13, then thare ware 13." 

Thus, due to extremely inert '^fctnking, the pupil reproduces the\* 
operation he is most used to — counting— likening the structure of a 
problem to the more familiar structure of an example. 

Slow pupils often show a tendency to replace mental calculation 
with written calculations "in their he^ds," after they study methods of 
written calculation in third grade. For example, one pupil, in mentally 
multiplying 75 by 3, calculates this way: "5 ^ 3 = 15 J I write 5 and 
rem^ber 1; 3 x 7 = 21^ and the 1 in my head makes it 22\ I get 225," 
Curiously, the pupils prefer this wholly uneconomical n^thod (one mu^ 
visualize the digits as written) only because they can then rely on more 
definite rules which have become for them, so to speak, "stexeo typed" 
rules of calculation, and can thereby avoid mental calculation, which 
permits a variation of calculation methods and requires them to choose 
the most expedient ones. 

Pupils are observed to replace new methods of operating %7ith the 
old, more habitual ones when they solve arithmetic problems, as reflected 
above ^all in the v^ay they write the names of the numorical data.' Every 
teacher can dcteit^this easily by observing his puiTtls , They have begun 
to solve iiftul tiplicat-ion problems and \n this case one of the data — the 

multiplier — should bet written without names, while in solving addition 

r 

and subtraction problems' it was always necessary to write the names, 

WaVih hov^l the pdpils Wite names when they go on td solvitig the multipli-- 

. cation problems/ There will undouBtedly be pupils in ^the class who.' at 

this stage make the mist^' of ' writing , "3 notebooks ^.3 notebooks « 9 

% t» • 

nbtebooks" — i.e., -they Will ^so name the multiplier- ^. 

We happened to observe this phenomenon: A teacher worked especially 

with the^^^^le boy who macfe this kind of mistakq and the boy^ 

began to write names properly for the operation of multiplication. But 

vhWn he had to solve an addition problem, He got it wrong, having written 

le operation of addition according to the multiplication jnodel: "12 

kopeks -f 2 = 14 kppeks/' ' * . 

, 9 *' 

It is' quite clear that in ^his case supplementary exercised ip a 
certain operation are not enough. A whole feysteni of exercises calculated 
to form more flexible thinking, to overcome fihe -trait of inertness, is 
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needed^* If special educational work is not conducted with such pupils, 
they pass from grade to grade, retaining these negative features of 
thinking, and because of these, peculiarities, they subsequently strive 
to avoid any relatively new t^sk, relying only on the procedure of 
mechanically reproducing the " operations innnediately preceding or the. 
operations which thSy have often encountered in their earlier acadeipic 
experience. • ' 

The first section of this chapter cited a number of assignments for 
pupils in the third and fourth grades which make it possible to discover 
exactly how they react to a new problem, and whether they can change - . 

their method of operation if necessary. Let us briefly recall one of / . 
them, .having shown how it is solved by pupils with low aptitude for arith- 
metic; Third graders are given examples for applying the commutative law 
of addition. Tliese consist of two rows of addends. In the first row the 
result is written down, an^ in the other one ib has to be determined by 
the pupil. He is asked, "Can you tell right away, without figuring, what 
the answer will be when the numbers in the lower row are ad(^ed?" In this 
connection, along with examples permitting application of the law, examples 
are* purposely introduced to which it cannot be applied* 

It is found that the pupils who did not have a flexible mind, af liter 
having applied the commutative law to the first three examples, incorrectly 
continue to apply it in the fourth and sixth, to which it no longer applies; 
thus, they simply repeat the previous method of operation without analyz- 
ing the addends in both rows, without comparing them with each other, and ^ 
therefore do not notice that the addends in these rows do n«t fully coin- 
cide. 

Tlie urge to repeat previous operations without analy zing the assign- 
ment itself is a characteristic feature of this category of pupils. 
Some may manifest this trait quite persistently, even right after th 
have been shown their mistake, thus demonstrating the necessity of' 
alralyzin^, thfe assignment. For example, one of the third graders und 
study erroneously used" the commutative law on the fourth test example* ^ 
'When she wa^ asked to check, she noticed, her mistake: ^'The numbers 
aren't the same here.'' However, going on to the next one — the fifth 
example (which permitted application of -the law)-~she incorrectly rejected 
the opportunity of using it in this case: "llie numbers aren't the same 
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here, e^.ther — ^you can't." She simply reproduced the p^revious operation, 
again refusing^ to analyze the assignment. 

The desire to avoid analysis of the assignment is usually accompanied 
in these pupils by lack of checking > That is, they exhibit ^ lack of 
analysis of their own solving procedure and of the result obtained , It 
is manifested in all forms of their activity— both in solving examples 
and in solviivg problems. Thus when doing written calculations , the pupil 
manipulates figures without even thinking about what numbers he gets las 
a result, and he does not correlate them with the example's condition. 

We had occasion to observe one third -grade girl who, in dividing a 
three-digit number by a one'-digit number, obtained as the quotient a 
number exceeding the dividend in si2e, an4 yet did not notice the absurdity 



of her numerical result. Let us cite only one example of ,such a 
calculation 
. ing manner : 



calculation, which was not isolated. She divided 7^8 by 4 in the follow- 



997 \ 
)748 
- 36 




00 '-y 

She detached not one but two digits in the dividend (not having 
noticed that 7 is divisible by 4); dividing 74 by 4, she got the quotient's 
first digit, 9. She divided the remainder by 4 again, getting 2 as a f 
remainder, brought down the last digit of the dividend and, having* divided 
28 by 4, thought that she had solved the example quite correctly. She did 
not even notice that the quotient (997) came out larger than the dividend 
(748), since she made no comparisons —the niimbers with which she operated 
actually lacked any concrete meaning for her. It should be noted that in 
this girl's class, her classmates knew how to determine the number of digits 
in the qtiotient beforehand, since their teacher had taught them this espe- ■ 
dally (see A, A, Tsank's article in the collection cited in [3]). 

Analogously, when solving problems, the pupils in this group solve 
a problem as long as they manage to 'tio any calculations, solving separate, 
familiar problems included within the composite problem. And they are< 
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observed to pause only when some calculation cannot be performed (*'It 
couldn't be divided/' for example)* But in the process of solvitig, 
they do not stop to ask themselves wiiether they have chosen the correct 
operation, whether certain numerical data could be correlated, whether 
it was necessar\ from the standpoint of the problem^s question. In other 
words, they do not check the process of their mental activity, so that 
their psychological work .does not coincide with the problem they are told 
to solve. In their effort to avoid any difficulty or novelty, they 
continually, in the course of studying, falsely substitute problems, 
transforming a problem useful in a cognitive respect into an assignment 
requiring no mental effort at all. 

This inclination to avoid any active mental activity is manifested 
still more strikingly in the solution of type-problenis . Let us analyze 
how slow pupils learn methods of solving type^^oblems. To reveal this 
we gave individual instruction to two fourth-gride girls who solved 
' problems poorly. A problem in equating data^was\:hosen. The problem 
^s"no longer part of the program, but for our experiments it made no 
difference, since it was necessary to. choose a type 9^ problem that had 
not yet been solved in class. Many repetitions were required (17 for 
one gir]?\ 19 for the other) befo;re they learned to solve similar problems 
of this type (while for the other pupils in the class, two, three, or at ^ 
most nine repetitions were enough) . 

Typically, mistakes in choosing an aritlimetical operation were the 
'first to disappear (with mistakes in formulating a question disappearing 
^later); i.^e., the order of aritlimetical operations in solving, problem 
was learned first of all. ^ 

It was also easy to see that the operation "was not linked to the 
question as a whole, which expresses a particular idea, but to one of 
its elements which in the pupils' previous experience v7as united with a 
definite operation most of the time: "how many more — subtraction" "how 
many times as much— multiplication," and the like. 

Thus, the children^had worked out very short dia ins of links ("assoc- 
iations") between external, nonessential, features of the condition and a 
definite arithmetical operation. These links, applied to a problem of 
equating data, could take this form: "The last number, in the condition 
and the smaller number of the first two numbers mu^ be" multiplied . " 



"The larger and the smaller number (of the first pair of numerical data) 
must be subtracted,'* and the like. 

It is not surprising that these pupils needed so many repetitions to 
learn a type-tnethod . Indeed, it is knp\m that memorising meaningless^ 
material is more difficult tlx^x remembering material that has geen given 
meaning and can be expandeid' into meaningful Mparts • Pupils like those 
described show a tremendous waste of labor, but they achieve nothing, 
even af ter^earning how to solve analogous problems of a definite type, 
since tliis ik not a ^'s9lutiou of /the problem'* in the real sense of the 
word. * ' 

t 

This assgfttion is easy to check by telling them to solve problems of 
this type but with\certain changes in the condition. You change the con- 
dition's wording, and slow pupils, it appears,, can deal successfully with 
the new assignment. Instead of: 

14 small furnaces and A large furnaces smelt 45p0 tons 
of steel a day at one plant. A large and small furnace 
smelt 750 tons of steel. How much docs a large one smelt? 



a problem like this is given: 

A student bought 3 books and 5 notebooks and paid 40 
kopeks the first time, Tlie next time she bought only 1 
book and 1 notebook at the same prices and paid 12 kopeks 
for this purchase. How much do a book and a notebook 
cost separately* 

But this is .only seeming prosperity. The pupils managed this assignment 
only because they did not scrutinize the meaning of --the problem, and 
the external aspects of the condition — the number, quantity, and arrange-- 
ment of the numerical data — permittud the very same operation sequence' 
(multiplication, twofold subtraction, division, and then subtraction 
again). In solving this problem, the better pupils typically had 
difficulties., for they made an effort to investigate the meaning of 
tkie problem and could not iiimiediately ascertain that tliis change of ^ 
wording did 'not alter the mathematical nature of the problem/ 



It now you bring ano^ier nonessential change into the problem, 
changing the number of numerical data by introducing an extra condition: 
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A 'housewife bought 2 kilograms of potatoes and 4 kilograms 
of cabbage and paid 20 kopeks In 4 coins for the entire pur- 
chase. What are the prices of potatoes and cabbage if 1 
kilogram of potatoes and 1 kilogram of cabbage together cost 
25 kopeks? 

Your below-av|^rage pupils will display utter confusion because the arith- 
metical operation sequence they have learned by heart has been violated. 
Thev will take the number denoting weight from the number denoting cost, 

\ 

and so on. ^ 

Now try making a relevant change of concrajti^n. Give them another 
type of problem (a "substitution" problem) thajjjj^indiv^dual features 
of resemblance^to the original problem in equatial^^g. The pupils in 
this case will act as if no changes had been introduced. \:n this prob- 
lem, the total cost of one item from each of two categories is not given, 
but rather, how many times more expensive one item is tlian another is 
known. But the pupils handle this numerical datum as if it designated 
the total cost. They multiply it by the smaller of the first pair of 
numbers. For example, solving the problem, 

Twelve lemons^and 20 oranges cost 6 rubles, 24 kopeks. 
An orange is twice as expensive as a lemon. How much does 
a lemon cost and how much does an orange coat? 

they multiply the number "2" by "12," and ask the question, "How much do 
12 -^.emons and 12 oranges cost?" 

We have been describing the problem-solving procedure of those pupils 
who comjJl&tely lack the ability to solve problems. Cases of this kind 
are not often encountered in school, .eiLaar>ainong pupils who have trouble - 
learning arithmetic. Partial inability solve problems is observed 
significantly more often, in which weakness of analyst*, is manifested. If 
a versa»iie analysis of the condition is characteristic of above-average 

■ pupils (as was hoted above), so that they're not lose sight of the prob-^ 
Urn as a whole in |olving each partial pJoh^m, and, ii^ choosing each 
operation, are aware not only of the prfi4lem'\question but also of later 
data, then the opposite is characteristic of below-average children. 

' Analysis is performed in short steps; it is always dire^t^cd at some one 
element without takinp, int?p account eve^thing else, without "antici- 



pating . " 
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This peculiarity is particula^rly ol^vious when compound problems are 

solved in which it is possifala to make d "false synthesis," when the . 

J ■' 

numerical data can be correlated in varijoufe ways: both correctly (when 

the-problem as a whole is taken intq^accbunt) and incorrectly. For 

example,', in solring the problem^ \ a 

' /• ' X ^ \ ^ 

*A stox^eSsold 84 kilograms of cake the first day and 192 

kilograms tha second day. 86 rubles 40 kopeks more was 

received for/ them on the second day than on the first day. 

In the 2 d€tys, how much mqiiey was taken in for the aake 

altogether? • • 

the first two ni^erl^cal data (84 kilograms and 192 kilograms) may ^incor- 
rectly be added if therV is no "anticipating," 4:hat is. If analysis 
directed at the subsequent data and at the question .of the problem is 
lacking. • . ^ 

""^The pupils who do not know how to solve problems perfitm thi^cfalse^^ 
synthesis because, having selecte*^ this pair of data from the Kiondltioti', 
they perform the first possible sy^hesis that comes into their heaffs, 
paying* nd attention to the next datum/,' "86 rubles 49^kope^ i^re was^ 
received the second day than on the fir^Jt day," and'^it is just ^thtfi^'cj^t^um' 
,that requires them not to add the aftiount of cake sold during* the 2* days, 
"•biyt to ascertain t^e difference in the quantity of goods sold. ^ 

Jhe frequency with which certain num^tgical data have been corre^ 
^ lated in practice is of no small importance for the way below-average 
pupils solve. From this standpoint, problems in which it is necessary to 
perform a synthesis which sharply contradicts the synthesis to which the 
' pupils are .accustomed are of particular interest. Let us given an example 
of such a problem/ 

Three boxes of cargo, 170 kilograms in all, were loaded 

onto a truck. Tlie first box we|.ghed 60 kilograms, and the 

second box weighed 8 kilograms more than the third. Deter*- 

mine the amount of catgo in the second and third boxes. • 

The problem is not hard, but if you give' it to a fourth-grade class, you 
will find several pupils who get it wrong. ^ Afwi. this mistake is of a 
definite kind: They will add 60 kilograms and 8 kilograms as if the 
condition had said, "the second box weighed 8 kilograms more than the 
first." Tills can be explained by the frequent use of such relationships 
in previous practice* 
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Some children very persistently manifegt such a fixed idea about 
habitual combinations af data, and it strongly hinders si^Lution of the 
problem.' Thus, one of.-the fourth-grade pupils we studied taade a mistake 
in reading the condition of the problem cited above: **more than the 
second/' he read incorrectly. The mistake was corrected immediatejly ' 
by the teacher, .b\it even so,*' thiar^boy incorrectly added 60 kilograms and* 
8 kilograms when he did the problem. So even in r.eading the problem the 
pupil introduces the content to wiiich he is accustomed - 

All of the cases described are phenomena of a single order. Under- 
development of, the mental processes engenders great dif f.lcxilties in 
learning the material, and in reaction to these difficulties, a fecial ' 
•'approach to learning is elaborated which may be called "reproductive,^^ 
since it involves the mechanical reproduction of the study material. . 
In tfiis case, the pupil strives to adapt the study assignments to his 
limited capabilities. He systematically avoids active thinking every-^ 
where. And. this inevitably brings his development to a complete lialt. 

To complete this. description of the reproductive approach to ^earn- . 

iiig, we must address our attention to one more peculiarity of pupils in 

this category, which we have only touched upon until now* Op^jy^iion with 

empty stock phrases which have no concrete impressions behinc^/thera, no 

perceptions or conceptions of real objects or of actions with these 

oblects^ is characteris^iic of the school activity of these children* 

■-^ " / ■ , 

'Below^average pupils ('as opposed to those with a high aptitude for arifeh- 

' f ♦ 

jnelic), who have-^pa^sed with difficulty from calculating with concrete 

'objects to calculating '^in their heads,** afterwards cannot show their , 
process of calculating, with real objects. Just as abstraction had given 
them, ^tronbie earlier, now the reverse process — concretization — gives 
them trouble. In solving problems they try, above all, to depend on 
individual wOrds (and word combinations) without trying clearly to 
imagine v>iia,t specific images are'bebind these words, wliat real circum- . 
Btai;.ces iire described, in t^he problem's condition. 

' Usually this peculiarity if^ called formalism'- or verbalism in learn- 
ing. Sometimes thesp terms designate ^ superficial, shallow acquisition 

'Of knowledge, which may-be etigendered in many pupils in fhe same class by 

-faulty teaching methods. ■ ' * 



.V 

But we have something else i'n mind — a trait inherent, in individual 
children which is chaTacter ized by a definite, relatively static approach 
to learning. Such^ formalism is inseparably linked -with a pupil's inclina- 
tion to xely on m^cfi^anical rote-learning and reproduction of the purely 
external, at times inessential aspects of^ academic material in learning^ 
something. It ^al^-o assumes as one o€ its most characteristic features the 
pupil/s inability to see the abstract, the general, in the specific, the 
.particular, and the reverse, an inability to perceiye the specific and' 
■partictrlar in the a.bsCract anil general. Pupils in this category (as_ 
^ opposed to those characterized by their high degree of assimilation)'' do 
'not p^rce^ve a school assignment in a .eeneralized way, relating it ' to 
a definite' group of 'phenomena/ And'if, for elKampl'e, they do relate a 
problem to a certain type, it is done pot by grasping the sum, total of 
the relevant characfeef is tics af the p^iven type, but by taking account of 
the first inessential feature ^hat strikes 'rthe eye (if the condition say^ 
.''how. many times a^ large,'' tfte problem is division- "into parts''). ^ , 

- ' This feature of formal or verbal leaifniug, however, may have differ- 
ent origins in different pupils. Tliis has to be investigated.. Before us 
are two pupils^ characterized by the" onanifest verbalism of their knowi- 
cdRti . Outwardly their learning processes are quite similar, but from .a 
psychologicsll standpoint there is a Substantial difference between these 
pupils. Both strive to replace mcntal'^calculation by written comparison, 
* trying to use it even when they are calculati'ng' "in their heads," and ^ 
both in fact "walk awa^" from prVbleb solving, bei??jf guided in the pro- 
cess of^tMs im4iginaryfc."solving" by purely formal word rules: "Wlien we 
say 'remaining' we have* to subtract," "It says 'tbgether' here, so you 
have to add/' and the, Mke. Wliort given the pr6blem, "There arc enough 
oats for, 8 horsc3 for. 6 days. For how many days is there enough for 
one horse?" one four th^ grader , having read the condition, quickly started 
to solve. "We ^an find out . . , " 'but- suddenly he stopped and said after 
a pause: ^'It doesn't come out." l^icn asked what stopped him from- sol- 
ving the problem, 'he explained, '''You can't divide 6 by 8." Thus, with- 
out h^v-ing tried to understand the Hpecif;^ic content af the problem, he 
. reproduced a fustomary. datum reflecting formal, external (and irrelevantO 
'relationships, ''If they ask ab.out one thing, you.- have to 'divide-'' 
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^ut what is tUe diffarence between these two pupils? Clarifying * 
this question tequired further study. It was necessary to go beyond the 
^bounds of academic activity and to determine how their p^erceptions proceed, 
what fciieir conceptit)ns are. How developed their movements are; in other 
words, one must- establ-ish the degree which their sensorimotor processes 
are developed' and the extent Qf their sen^e experience. It was found that 
they differed in this particular respect. One (a third-grade girl, to whom 
learning came with extreme diffitulty) did not have elementary notions of 
N^everyday things; she lacked the simplest skills that require the use of 
motor, muscular, and tactile sensations.' For example, she could not com- 
pare wei^lTlts of objects identical in size, she ccLuid not cut a square into 
tya or four equal parts, she was not cap,able qf recognizing from among 
objects shown her those which she had seen isiaaedi!ately before — that 1$, 
her processes of visual recognition were not developed. • 

By contrast, the other pupil (who was making very poor progress, ' 
and whom we studied' for thr^e years, fcrom first through third grade)* 
was a totally normal child in the 'development of the sensory-^otor •pro- 
cesgeswent, He even coped quite successfully with a- more difficult 
assignment in visual recognition, ' * , 

Consequently, these tvto put^ils lagged behind for two different reasons 
in one case, there was underdevelopment of thfe sensory processes,) which 
explains the excessive verbalism of knowledge, the uSe of mpty wor4s — 

U^rords lacki-ng concrete meanitlg — while in the other Cjase, unjustified 

, • • r ' 

verbalism of knowledge with a normally developed sensory basis, meant only 

that the necessary connections had not been formed in due course betireen 

the words and^ their sensory " images . 

Cases in the first category are extremely rare in the environment 

of the mass school. But the teacher needs to recognize them. In school, 

we more often encounter cases in the secoiid category, for whom there is 

more hope, but evBn with them very serious, wotk is needed, sinc^ usually 

such a formal/ attitude towards words (and therefore,, tbwards schoolwork), 

is reinforced over a number* of years of schooling, and then a gap between 

knowledge and l^fe opens up for these pupils, so 4:hat^the learning process 

becomes more difficult for them every passing year. ' * • . 

All pupils in the category of those who learn with difficulty and 

I 
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resort to- methods of forms^l verbal learning are not, as a rule, fond of 

mental effort • T|ie tntellectual feelii^s are foreign to them — the joy 

of' discovery, of surtnounting difficulties in splving problems, the sense 

of satisfaction which comes from strenuous mental activity, fxhey often 

shirk dif f i^culties in schoolwork: "I don*t know how," "I can't" is the 

answer frequently hearci from them J They are not sufficiently concerned 

about their mistakes, and therefore surmount theq with difficulty. Many 

of them answer without thinking,* making mistake af teri mistake, and arrive 

at the right answer through a series of wrong ones* , 

For example, onA thirds-grade* girl added* 8 and 32 and gdt •5^:as the 

answer. To the questio^i^ "What do you think, is the answer right or not?" 
V ^ ^ * 

she replied without checl^ing that it was correct. When the mistake was 
pOint$d out,^ sha quickly changecj her ;answer tV> 51. When told a secontf 
time, she answered 50, and^earning tha^ this was wrong, she again named 
52 .as the result. Only a^fter the error of her result was poijited out for 
th^ fourth time did she find the correct answer of 40". The most striking • 
thing about the way she answered was her utter- lack of interest getting 
the right answer, the indifference to the results she attained. * 

In*'the pupils wVio strikingly display negative qualities of personal- 
ity which hinder study, loyev learning capacity, is combined with an irre- 
sponsible attitude toward study and low receptivity to the moral aims being 
implantejff by the school. Often they have a desire to study in t^e begin- 
ning, but It disappears as a result of systematic failure to study, and 
, is- replaced^ by a formal and devil--may--care attitude toward academic activ- 

ity* Usually mora, complaints are xaade about the carelessness of these 

- ^ -* . 

children than anything else. An3 indeed, their easy distraction by any 

external stimulus is characteristic of them both in class and in doing 
independent work at home. But this car^elessness is usually not the 
primary cause of their study problems; it is itself a result ,of^ the very 
many causes discussed abo"^: ♦ unreceptivity to moral aims, a passive 
personality, underdeveloped intej.lactual processes. " 

•Disorganization and inability to work also play a very large role. 
Observe these pupils as they , do their homework an^ you will see how they ^ 
work: They^do not prepare the work space ahead of time and so are con- 
stantly distracted from their studies by their sear^ for«a book, note- 
book, or pencil. They do their lessons in random order; without finishing 
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one thing, they proceed to another and do 'not check what they have done, 
^ay particular attention to how they read a pifoblem. In many cases you 

may discover that it is 'read with incorrect intonatioAs which tompletely 

, ^distort the meaning* of the problem* :Foxf' example, one slow third gr^er 

^ read this arithmetic problem [69: 125-131]; ( * ; . 

- \ » ^ 

A sovkhoz turned in 3020 tons »of wheat? and rye to _ 
the state. .965 tons of oats lesfe than wheat* ^ 



(low 



Five times' less tlian th^ wheat and rye. Together. 



9' 



low maiiy' tons of grain in all did the -sovkhoz turn in 
to the fftate? .. ' > ^ • 

It is typical that this boy gave most of his attention to pronouncing 
indivi(^ual words distinctly, but the connection between the words which 
determines the problem's meaning totally escaped his notice. Naturally, 
%in reading like that. Tie could not undetstand the problem* s condition. 
\3tien asked how he understood the pjroblem, he was si;Lent for a long time, 
and then he answered,^^^^ don^t know. I can't solve tlie problem.*' 

• From this answer it can be seen that he did not even try to pierce 
the meanirig of the text; he set *f or himself a completely different 
"psychological task"~to read the individual words smoothly and' distinctly. 
And 9nly after the psychologist working with bira instructed him in Ixow to 
read a problem, breaking down the t;ext of it into meaningful segments, did 
the content of the problem and 'the entire solution become comprehensible 
to the pupil. 

By observing how second through fourth graders read a problem^ we ca^ 
defect other ins^nces. A pupil hurriedly reads the condition of an arith- 
.metic problem' jiSt as he would any other descriptive writing, even though 
a special type of reading is needed here: i.e., isolating the data from 
the question, stressing those word coifil^inat|Lohs, whic'^i express a relation- 
ship between data and unknown.' Reading it once is not enough* The^ first ^ 
reading^need not give attention to the data in figures, but in the second 
reading the figure data are the object of ^attention. ;^us, reading an 
arithmetic pjrobl^'s condition is, to a certain degree, an analysis of the 
problem". ' And inability" to analyze may ghow up in the way the pupil reads 
a problem. - • » ' ' 

.So we have bharacterized the most\ striking representatives of the 
group of, pupils distinguish^ by their low aptitude for learning academic 

* Clajjif ication of this proijlem can be fotind the Appendix. (Ed.) 
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material^ They combine passive and inert thinking with avoidance of any 
mental effort, an l^ndifferent or even negative attitu<le ^toward study, and ^ 
•^carelessness and disorganization in working. There^ are not many of these 
pupils in. any class, but success in prev,entinB them from failing and re- 
peating a' grade depends on eitposing thd^.in time and on organizing special 
•educational work with them. * 

"Basically, these pupils are the ones whp are failing. Eventually 
thsybecpme repeaters, unless special, systematic work is conducted with 
them.^ ^ . . • 

It '^should be remarked,^ above all, that the general shortcomings in 
teaching -methods show up most negatively in the slow children* If, for^ 
example, tfie teacher ^oes not vary the concrete material sufficiently 
' when he explains concepts and. laws, it is the slow children who assume 
inessential features to be the basis of generalization, while quick pupils 
add to what the teacher di^ not give In class themselves, from their own 
V experience, -on the strength of thei^r active intellects. Or, similarly, 
if the teacher does not ^ploy contrast in ^introducing similar concepts, 
poor pupils will confuse these concept^ while the strong pupils will 
catch the distinguishing featutes and delimit one from another without 

any contrast, without the tiSeher's help. 

- . . • ' s 

Completeness of the general methodology of teaching, its conformity 

* to scientific requirements, is very important in preventing pupils from . 
lagging, but this is still not enough. Supplementary work with individual 
pupils is necessary. If there are several in the class, then it is nec- 
essary to work with the whole group-. Supplementary classes 'with, th^ group 
are needed for this, chiefly, not when it has becojne clear that •they are - 
behind the .class in learning certain sections of the curriculum (as is 

^ usually doneX, but much earlier, before new material is introduced in 
^ class. In these lessons,* one should giv^ suppleme^itary exer closes" which 
the group o^ children need in order to master the new mate?:lal', Tlien when 

• this material is 'introduced for^the first- t"'ifae in class, our slow pupils 
will be in a more favorable position and will^ be, able to participate in 
the wor 4 ^together uith their classmates. . 

But in working with slow pupils, one cannot rely only on special 
supplementary lessons with them (even if such lessons proteot them from 
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possible dlf ficultie^) .\.A special approach to these pupils during 
.sess;Lons with the whole class, actively drawing them into .group work, 
is of decisive significance. i ^ ' 

Sometimes a teacher prefers not to question slow pupils when he is 
explaining new material., fearing that they will liold beck the rest of 
the class* But at this 'stage one should enlist their active cooperation; 
moreover, it is possible to prepare them for this well beforehand. It^ 
is us^fu4. to give grades for answers oij new material which has just b^en 
explained by the teacher. A. Moskalenko proves the expediency of this 
in a special paper [45]. The teachers of the Li^jetskaya Region found this 
method very effective in practice, wKich (indoubtedly is linked to the 
.general system of making studies more dynamic which was put into effect 
. by these , teachers ► Apparently, the psychological advantage of this-^method' 
is that it makes the pupil an active participant at all stages of the 
Igsson. Furthermore, a grade provides the check that the teacher needs 
on how well the pupils understand new material. The latter is especially 
* important for increasing the effectiveness of work with -poor pupils. 

From this standpoint, all the kinds of indej)endent work organized in 
class by the* teacher have still greater potential, Th^ exercise material 
'alipuld4»^ individualized. Popova'» Didactic Mdtfrial , which^'ls used' in 

the schoois , maizes such an IndividualizatlQn' of the assignments easier for 
•the teacher. The third-grade teaching 'material compiled by Polyak is 
issued 'especially with this aim. AssigriDients for different' groups of 
pupils have been prepared by teachers of Moscow schools accorAng to 
.*Budarnyi's system: ^A. S. Lazaceva (School No. 844), T,. A_. ZhtSravleva 
(School No. 784), and M. F. Ivelva (Boarding School No. 44). 

Thvis, both geiieral teaching methods and supplementary lessons w;ith 
poor pupllst as weA as an individual approach In classroom procedure, 
can facilitate both a change in their personality traits and in the 
qualities of mind which hinder them from studying, and the formatioij 
•of higher learning capabilities. 

For this, any assignment, for individual work as- well as for work . 
with a group of pupils or with the whole class, should pursue several 
aims .at once: to nourl^fc their Intellectual activity, to awaken the 
desire for intellectual effort, to form a positive attitude toward study, 
a love for and an Interest in independent work, to instill habits of 
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orgaaizatloiit and. to train them to conceatrate longer. 

Both the' exercise m^fcerial and the classroom method must serve 
these ends. The isw'st topottanfe jg^Jiciple in selecting material is^ 
moving^ the focus of attention f rom^olution to analysis of the ass.ign- 
©ent. Problems should often be given, not to be solved, but only to 
determirie what operation has to be performed and with what numerical 
data. In this connection, the children need to be asked why a certain 
choice was made. Exercises in determining problem type are alsa valuable, 
a^d in Jthi^ connection, one should require the ^iuplls ^o ''explain why the 
problem was put und-er this typ^, i.e., they should be required to indi- - 
cate the criteria according to which the problem was related to a def- 
" inite type. \ , 

- Depending on how the pupils ^^ster the operation of analysis, one 
need "not require them, to substantiate the operation being performed every 
time, but one should give them exercises of various kinds v^ich promotes 
formation«of this skill: problems with missing nucJber data, problems 
with extra elements, problems which liave sufficient number data but c^n 
be solved, without using numbers, merely by analyzing the condition, 
among others (exanqjles of such probl^s are given in Chapter I) . 

' Along with the operations of analysis and ^synthesis , it is necessary 
to make 'the children practice abstraction and concretizatioh, giving special 
exercises fo^ this purpose: to deduce a law or rule frotn a series of 
particular examples illustrating, it, to write down the ^steps of the solu- 
tion as an algebraic formula, to relate*a specific probleft to a definite 
type, and conversely, to give their own eJcamplas illustrating some law or 
rule, to^recreate the concrete condition of the problem on the basis of 

the algebraic formula, to make up a series of problems of a definite type, 

• ' ' " ' i ■ 

and so forth. ^ ^ 

^It is also ^ery important to teach the children how to translate^ a 
' numerical operation dorie ^'in the head" into^ a scheme^f concrete opera- 
• tions with objects, and" if necessary, to **deautomatize'' a numerical » 
operation .(that is, to make the automatic operation a conscious one) , 
when doing written calculations, so that the pupil will become aware of 
the principles of notation and of what figures 'represent , what numbers 
they express . , f 
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Teachii^ how to switch froa one method of operation to anbther de- 
' mands special attention. To this end it- is' necessary to make assign- 
ments of various degrees of d*if f iculty^by assigning ejfamples in different 
operations, alternately , and to increase the difficulty by repeating the 

same operation in a great number of examples and then giving an ex^ple 

3 ' < " ■ I' * 

in another operation. ^ , . 4 j ^ , » 

Exercises in ap^jlyipg any rule^ ox exercises in. solving proble|as,. 

■ can be constructed analogously. Type-problems provide especially gpod 

, material for •these exercises — there it is possible to alternate sitn|.lar 

types of problems, is well as to alternate type-problems with non-tvpe^ ■ 

■ • ■ . ' ^ ^ 1 4 • 

problems which have certain elements of resemblance to a type^problem. * . 
^ . * ■ » \. 

*/ ' ■ ■ • ' 

' A necessary condition for working with poof pupils effectively j is 

the teacher constant check on the progress of ^heir mental proce$^> 

^ ■ ^' 111 * 

their methods of solving. In bringing to light the way they pei:foin| 

when solving example^ and problems,' it is necessary systematically! \o 

teadh them iHore rational methods of working ii^ependently (preparih^ the 

worlc space, doing the assignment i^ a definite sequence — from the jijiider 

to th^ easier, x:hecking wh,at has been dcme, using the textbook expediently, 

and the like). Special attention should be given to teaching methods 

of solving problems independently (discussed in detail in Chapter ly) . 

The most important thing in wcyrking with i)oor pupils is to change 



j! 
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their approach tc; a problem, replacing their tendency to repcoduce 
habitual methods of solving by the desire to search for methods of 
*^a probUm which is relatively new to them. Speaking briefly and 

us ifig 'Special terminology, we might say that the ^.^reproductive obje^tKre" 
should be replaced, by a '^prod^ctlve'* (that is, creative^) one. It if 
necessary to demonstrate visually to these .children (where possiblej 



the 



gross mistakes to which l:heir unwillingness to think and thei^r inability, 
to ncn^ice what 'is new in the condition of a problem may lead them. || To 



TT". 

On the question of "switching" in arithmetic, .see [33]. 

The principles of varying problems have been discussed in 
preceding chapters. 

. 188. 
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the same end, one 



ip, sometimes give them special piroblems having a 



mathematical absur4|t^y in tii^ condition,, and use their mistakes to^..^ress 

ng of une prob- 



more sharply that 
, lem every time* 
• lar problems and it 
from those of probij 
• But even obse 
objective if the ge; 
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is nece^ary to understand the meaniig 
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should d^ill them especially ixt distinguishing simi-- 

[Ibtinging light* "how their conditions are distinct 

solved parli^* 

nee of al3^ these cgnditions will not lead to the , 

ral-^^ducation aspect is overlooked: the inculcation 

e toward steady aAd an interest in' performing intel- 

gj fitting to \ approach this goal- from various aspects 

hand, one must Prelate what the child is learning to 
I • ', , ■ 

s life, and on the other hand, one must reinforce 

labilities by ^ncouragih^ bin* wherever possible. 

an excuse for encouraging a poor pupil by giving 

|tis which can be assumed to be completely within his 

xy to rfemember one psychological phenomenon: bad 

continually addressed to the same pupil ultimately' 

to his own mistkkes and engender indifference, and. 

^nsible attitude toward hi^ studies. Censure can make- 

|a|nd be effective only when It is alternated with en- > 

in a strictly differentiated way, that is, only when 

y-' ' . ' . • 

educationally permissible^ in .evaluating a single 
iten) , both to reproach and encdurage, separating, / 
lity of the work (which is ^till unsatisfactory) 
{Perform it without assistance, applying certain more 
d making -an effort, all of which deserve a positive 
y!" and the like) . 

ifcance, especially for poor pupils, is the tealsiier s 



employment not? onlji of a^uantltative grade (in numbers ) but also a 
qualitative grade |»s6d on /analysis both of the result itielf/ (the fin^l 

answer) and of the||aethod8 useo^y the pupils* Ilany teachers justly give 

'''II ' * * 

attention to the iijipdrtance of this point, effecting this approach in 

their own practice Jl 
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We have descriBed typi^cal features of pupils with a low aptitude 
for artthmetic by showing ^ihese features in theiir most striking mani- 
fes tat ions, in whi<^ the difficulties of learning are combined with a 
negative attitude toward study, lack of organizatiatl, etc. Later, we 
described an individual approach to this category of pupils.- However, 
when using this approach in teaching practice upon children who are 
l\^viiig difficulties in aritlimetic, -one must keep in mind the extreme 
diversity of their psychological^ traits and the possibility, of the 
widest divergence from the type we have defcribed above. 

should be taken into consideration that every pupi3>-has his 
strong points, which also must eveiitually be discerned in order that 
|ne may be guided by them in working with him. One pupil may be 
character izeti by a vary low learning' capacity, but his dili'genc'e and ' 
desire to study can help to coi^ensate for this shortcoming andjin- 
doubtedly will play a large role in developing the qualities- he lacks. 
The learning capacity of another .pupil, on the other hand_, is not asignift- 
cantly low, but his ^ucation is greatly impeded as a result of his dis- 
organization, lack of discipline, and stubborn reluctancl to study. • ^ 
Naturally, in approaching him, one needs to use his broader mental 
capabilities and, guided by his ^growing learning capacity, to excite 
his interest in academic activity, at\the same time reinforcing' his 
'discipline and fori^ing. liabits of organVation,. 

getting to know a child, one should always try to slnglte out some 
leading feature, on whose development primarily depends the development ^ 
of the child's personality and his success in schoolwork. Somet;lme8 
children are encountered who are extremely shy, easily hurt, and who have 
trouble ia social intercourse with their classmates. With such a child, 
the most important thing a person can do is to "^inhibit" him, to 

accustom him' to the group, after overcoming his shyness and reinforcing 

J ' * ■ 

his- faith in himself and his abilities. Here one must begin wl,th educa- 
tional work. If this is not conducted no later systematic training in 
solving mental problems can be effective. This traiiiing should be 
.effected lifter, then alon^ with, real^ization of the educational alms of 
altering the pupil's char^ter- (in this respect, Fevraleva's experiment,"- 
which she describes in detail, is • instructive [ 2oT) • i , , 
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Al^o very Ijowportant in /analyzing a ''pupil ^$ mental activity is to 
expose, ^hat peculiarity of his which decisively Influences the entire 
style of/ his schoolworky asi4 is one of the fundamental causes of ^ his 
difficulties ixi his studies*' Let us cita some es^amples. * ' 

We observed two pupii^^^irst' in the fourth year of instruction, 
and tiien in fifth graded Botll experienced subst^nt^l difficulties in 
arithmetic instruction, but a careful study (made with the help of the . 
teacher) revealed essential .differences in the character of these diffi- 
culties and their causes . ' * . 
. . • » , r» 

The basic *sh(jrJ;com^-ng which hindered one of the pupils from studying 
wa€i lack o? originality, inertness of thought. When studying, this boy 
would always try -to avoid every difficulty, every necessity of ^ making^ 
m^tal effort; therefore he took the course of r^rodUcing verba^l knowl-* 
edge mechanically 9 without cosrelating it with specific impressions, • 
with reality. This boy was of the type described above. It was. he who, 
in sqlving the problem. 

There are enough oats for ^ horses for 6^days. For - 
how maxi^ d&ys is there enough f6r one horse? 

was ready to perform division, without trying to understand how the real 
quantities were related by proceeding from a wdrd formula ("If they ask 
^bout one thing, you have to divide") • When he was asked "How does the 
difference vary when the subtrahend is incjeased?" he answered, "It gets 
bigger," again nof' trying to understand the specific meaning of the ^ 
cpncepts ("differerice," "sub traKfend") aiid' following the most familiar 
train of thought, "If they increase it, it gets bigger." Also character- 
ist;ic of this child was the constajlt^nf luence of preceding ojperations, 
and his extreme difficulty in switching from oti^ method of operation to 
anjOther. For example, having solved one example in operaft^jon order, ;Ln 




which no operation took precedence, he analogously solved a second 



example in which an operation took precedence and in which •.it was nec- 
essary to perform operations in a different order from the one in. which 
they were written. ' ' 

. His classmate al^o Kad difficulties in arithmetic, but' he tried to 
% overcome them — on his own he tried to concretise the abstract concepts 
he had to deal with, but this slowed down the process of hiSn^ork. 
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Solving the problem cited* above by ^ simple triple rule with inversely 

proportioned quantities, he s^as confused, not by the fact 4:hat one number 

was not divisible by another (as his friend wa^, Uut by.npt knowing "how 

much oats one horse eats/' This difficulty testified to the fact that he 

had tried to understand the specific content of the problem. /In answer 

to 'the question jabout how the difference changes when the subtrahend is 

increasecj, he used a, concise ta example which helped him to ^ comprehend the 

necessary relationship^: "If I have 5 rubles and I spend not just 2 

rubles but 5 rubied, then I've got less left.^\ 

Since this pugil always* tried to grasp th6 specific meting of the^ 
■ * • 

assignment, he did not mak^ mistakes under the conditions of having to 
Switch from one procedure to ^uQther* This was his strong point:. But 
he' felt |he need to make something specific even when the ^problem' could 
easily be solved with abstract logical thinking. For example,- 'in solving 
•the problem, "There were' 60 kilograms of grapes in two boxes. Sixteen, 
kilograms were taken from the ^first box and . 16 kilograms were put into/*^ 
the second. How many kilograms of grapes were there in both boxes then?" 
he again resorted to a concrete example ("If I We got 5 rubles and I 
spend 4,, and ^they give me another 4 rubles, then 1*11 have 5 rubles'*') ^ 
' instead df interpreting this chanfee in- a generalized way; *'They added 
as many as thfey took away" [41]. ; 

Discovering the psy<?hological features of learnldg in these two 
pupils makes possible to plan various ways of approaching 'them individ- 
ually* in the teaching .process . It is necessary in the ^irst case con*- 
tinualiy to train the pupil-to relate abstract coAcefjts to ideality, to 
perceptions and concj^ions of this reality, while in the second case . _ 
something else is needed — tft strengthen abstract logical thinking, 
gradually weaning the pupil from dependence upon concrete methods in un- 
covering an abstract r^lat ion* ^ But the way, to develop thinking in the 
* second case is simpler, since in this child there exists the necessary^ 
coujcret^basi^ for thinking, while it still must be created in his class- 
mate, who sufT&rs from excessive, verbalism of knowledge. , 

Thus, in working out an individual approach, it is necessary to be 
guided by a thorough study of the pupils, discovering both their typical 
(group) features ai^d those features which create the individual uniquenesf 
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of their psychological makeup. 

/ One question of gre^^ fundameatal importance arises. * What sHbuld 
be the goal, of the teaching-process— shbuld one erase or level ^e diil- 
dfea's individual psychologlx!ai differences, or, conversely, after ^ 
exposing cettaln'' distinttive peculiarities of the pupils, should one try 
to de<ralop them, thereby deepening the existing differences between 

students? . ♦ . 

It would be wrong to answer this question categori|:illy, accepting 
either one solution of the. other. Both need Xjo be done, buf witK regard 
to diffe^fent personal qualities. The goal should be to develop in all . 
children a positive attitude toward study and active, independent, ver- 
satile thinking, thereby leveling children's difference in these charac- ^. . 
teristics of personality. This should also be the task in forming 
academic and practical abilities and skills; a^ain, they should be brought , 
to a high level in all children. * 

These are the foremost tasks of the priiuary school, and that is why 
this chapter has chiefly considered them^ But -in the ptocess of primary 
education we t3.eed to set ourselves another goal at the same time, ^which 

"will be fully realized in later yea^s, in t^e middle and upp^r grades. 
We mea^ the aim of strengthening or deepening 'it^ividual psychological 
d^^ff^r^encefe. This should involve primarily such aspects of the ^exson- . 

' 'ality as inclinationa^'''find; Jjaterests, which may be linked with apartlc- 
dlar cast of mind and ^Jth cleari^xpressed ^aptit in scientific 
QT artistic creativity. . . " ^ 

During tiie years of primary education, a number of children may 
manifest an\ptitude for technology or-artistic creativity in it^s x^ari- 

'^us forms. Some children show a va^y striking iQterest in nature, and 
the young naturalists become proficieirft in* natural science, goiag beyond 

the curriculum. - 

And finally,^ in primary school young, mathematicians car\ be found 
who appreciably distinguish themselves from the other ciaidren by the > 
quickness and thoroughness with which they learn mathematical material 
and by their original ways of thinking in solving problepis. ^ ^ 

trhese differences— differences of inclination and, aptitude— must 
•not be leveled; on the contrary, they, should be developed in every way, 
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thxxff facilitating tjie development of the personality 4xi all the wealth 
and uniqueness of Its Individual manifestations* 




r 

^ REFERENCES 



1. Anan^ey, B. G., and Sorokina, A. I.» (Eds,) "Teaching Children 
. ♦ Arithmetic in -Fir St Grade," In Initial ^ Instruction and 

training of Children , Moscow, Pub lining House of the - 
Acaden^ of Pedagogical Sciences of the RSFSR; 1958. 



t 



,2\ Andronov, I>>K. Arithmetic , Moscow, Uchpedgiz, 1962 • 



r 

3. Bogolyubov, ^."^N. "A Coi^ined Analytic and S:^t;hetlc Method ' ^ 
of Solving Arithmetic Problems in Elementary School." 
In N. A/lienchinskayk and V, I. Zyko\ra, (Eds.) Roads 
to Improved Progress in Mathematics , Moscow, Publishing House 
of Academy of Pedagogical Sciences of the RSFSR, 1955. 
Pp/ 38-67.' [included in Volume VI of this series.] „ 

' 4? 
1^4. Bogolyubov, A. N. '"Work with Words in the 'Solution of Arithmetic 
, Problems in Elementary School." In N. A. Mechninskaya and 
and V. I. Zykova, (Eds.) . Roads to Improved Progress in ' 
f^hematlcs , -^foscow, Publishlftg House of the Academy of 
• Pedagogical Sciences of. the RSFSR, 1955. 

5. Bogoyavlenskii, D. N., and f lechinskaya , N. A., (Eds.) Ways of ' 

Increasing the Quality of the Mastery of Knowledge In the 
Elementary .Grades , Moscow, Publishing House of the Academy 
of Pedagog-Scal Sciences of the RSFSR, 1962. 

6. Botsmanova.'^H. E. "Psychological Questions in the Use of Pic- 

torial Diagrams by Pupils in the Elementary Grades," Questions 
in Psychology , 1960, No. 5. 

7. BotEU, V. M. "On One Visual Aid," Mathesiatlcs in the School, 

1963, No. 1. 

8. Budarnyi, A. A. "Overcoming Failure." Public Education , supple- 

ment, 1963, No. 10. 

9. Chekmarev, Ya. F.' "Knowledge and Skills in Arithmetic in Children 

Entering' First Grade," Proceedings [ izvestlya ] of the Academy 
■ of Pedagogical Sciences of the RSFSR , 1959, No. 107. 

10. Chekmarev,' Ya. , F., and ^^igirev^V. Methods of Teaching 

Arithmetic , 2nd ed . .'•MosaB^r^'Uchpedgiz , 1962. 



1 



11. Curriculum of the Eight- Year School . Primary Grades , Moscow, 

Uchpedgiz, 1964. 

12. Curricjulum of the Eight- Year School. Primary' Grades , Moscow, 

/Education" Publishing House, 1963. 



195 

208 



ERIC 



13. *Davydo^t*V. V. "An Analysis of the "Structure of Counting as * . 

a Precondition for Construtting an Arithmetic Curriculum,"* 
Jn Questions in the Psychology of School Activity of Primary 
Sctioolchlldren , Moscow, Publishing House of the Academy of . v 
Pedagogical Scienq^ of the RSFSR, ^62^ 

14. Davydov, V. V. "An Experiment in Introducing Elements of- Algebfa 

in Elementary School," Soviet Education , 1962, No^ 8.. ^ 

15. * Depman, I. Ya. History of Arithmetic , Moscow, Uchpedgi 2, 1959. 

16. Elen^ska. Lyudvika. Kethods of Arithmetic in the First Years 

of li^truction, ^^trana. from Polish, >toscow, Uchi>edg^2, 1960. 

17. ^ Erdniev, P. M. "On the Study of Addition, and Subtraction," , 

. ' Elen^ntary School , 1963 , No . 9 . ' . . ^ 

18. Erdniev, P. M. "On Ways of Reconstructing Arithmetic Instruction - 

in Elementary School," Elementary School , 1963, No. 12. 

19. Erdniev, P. M. ^evejopment of Skills of Self-Conttol in Mathe- 

matics Instruction , Moscow, Uchpe4giz» 1957. ^ . 

20. Fevraleva, V. I. "The Indiiridual Approach to the Third Grader as 

a Means of Overcoming Failure*" In N.' A. Mendhinskaya and 
V*, I . Zykova , (Eds . ) Roads to Improved Progress in Mathe- 
matics , Moscow, Publishing House of the Academy of Pedagogical 
' Sciences of the RSFSR, 1955. 

21. Galanin, D. D. Methods of Arithmetic . The First Year of Instruction , 

Moscbw, 1910, 

22. Gal^perin, P. Ya., and Georgiev, L. S. "Fundamental Content of 

a Curriculum for Forming Elementary Mathematical Notions 
on the Basis of Measurement," Section III of "The Formation 
* of Elementary Mathematical Notions," R eports [ Poklady ] of 
the Academy of_ Pedagogical Sciences of the RSFSR, 1960, 
i» ' . No. [included in Volume I of thl^ series. J 



3. Gal*perln, P. Ya., and Georgiev, L, S. "The ^lain Series of 

Operations Leading to the Formation of Elementary Mathematical 
Notions," Section II of "The Formation of Elementary Mathe- 
matical Notions," Re ports [ Pokla dy], of the Academy of Peda- 
^■-^ gogical Sciences of the RSFSR, 1960, No. 3. [Included In 
-Volume I of this series . ] 

24. Goncharov, V. L. "Arithmetic Exercises and a Functional Propadeu- 

tics , " Proceedings [ Izvestiya ] of the Academy of Pedagogical 
Sciences of the RSFSR , 1946, No. 6. 

25. 5^banova-Meller , E. N. Psychology of the Formation of Knowledge 

and Skills in Pupils , Moscow, Publishing House of the 
Academy of Pedagogical Sciences of, the ftSfSR, 1962\ 



196 



o 207 

ERIC . 



26. Kalmykova, Z. I. ''Processes of Analysis and Synthesis in the* 
Solution of Arithmetic Problems," Proceedings [ Izvestiy a] ^ 
^ of the Academy of Pedagogical Sciences of the RSFSR, 1955, 

* . Vol. 71. [Included in Volume XI of this series. J 

^ ' • * * ■ ^ ■ ' * 

27^ Kalmykova, Z. t. "Psychological Analysis of the Formation of a 
iConqept of Problem Ty^e,*' Pi>oceedln^s [ Izvestlya ] of the 
Academy of^ Pedagogical Sciences of the' RSFSR ,. 1947, Vol. 12. . 
[Included in Volume VI of this series.] 

28. Kalmykotra, Z. I. '^Psychological Preconditions for Increasing 

Pupil^' Success in Solving 'Arithmetic Problems*" In E. I. 
Monos^on, (Ed.) Increasing Pupils^ Success - in Elementary 
' School , .Moscow, Publishing House of the Academy «f Pedagogical 
Sciences of the RSFSR, ^55. , 

29. Klein, Felix. Elementary Mathematics From a Higher Stahdpoint ; . 

Arithmetic Algebra, and Analysis , Volume .1, Leipzig*, B. G. 
Teubner, 1908-1909. - * ^ • 

30. Kossov, B* B. Summaries of Lectures at the Second Session of 

the Society Psychologists , 2nd ed., Publishing House of the 

Academy of Pedagogical Sciences of the RSFSR, 1963. 

♦ * 

31- Kozheurova, N. 1. ' 'Compos iti,on of Problems^^hx^ Firs t Graders . " 

In N. A, Menchinskaya and V. I. Zykov^, (Eds.) Roads to 
Improved Progress in Mathematics , Moscow, Publishing House 
of the Academy of Pedagogical Sciences of the RSFSR, 1955. 

32. Kozlova, A. E. "One Method of Analysis of the Condition a 

Problem," In N, A, Menchinskaya and V. I. Zykova, (Eds.) 
Roads to Improved Progress In Mathematics , Moscow, ^PublishiiTg 
^ House of the Academy of Pedagogical Sciences of the RSFSR, , 

^ 1955. Pp. 75-82. [Included in Volume VI of this series.] 

33. Kudryavtsev, V. "Switching from One Mental Operation to Another/' 

In Psychology of Applying Knowledge to Solving School Problen^ ,, 
Moscow, Publishing House of Academy of Pedagogical Sciences 
of the KS¥$f., 1958.. 

34^ Lenin, V^, I. Complete Writings , 5th ed.. Vol. XXV, Gospolitlzdat . 

35. Leushlna, A. M. Teaching Counting In Kindergarten ,. 2nd ed. 

Moscow, IJchpedgiz, 1961. 

36. Menchinskaya, A. E ssays in the Psychology 

metlc , Mosc6w, Uchpedgiz, 1950. 

37. Menchinskaya, N. A, Psychology of Teaching Arithmetic' 

Uchpedgiz, 1955. 

38. Mgae^llnskaya, A. Develo pme nt of a Child \s Mind 

> Record B ook , Moscow, Publishing House of t^ 
Pedagogical Sciences of the RSFSR, 1957 



ERIC 



'OS • 





197 . / / ^ 



39. Menchlnekayai, N.' A. , and Moro, M. I., (Eds.) Prom Experimental - 
yWork in tlie V. I_' Lenin School , fesfcow, "Education" Pvblish- 

/, ing House, 1964. 

' ' < ■ • — .w' ^ 

40. ^. M^^chinskaya, JJ. More, M. I. "On "Reconstructing Mathematics 
*/ Education in KLementarV School," Soviet Education , 1963, Ko. 8. 

41^. /Mitkevich, G. G. "A Psychological-Educational De^'scriptixjn of a 
Pupil in Graries 4-5 in Arithmetic Instruction."^ In N. A. 
Mechinskaya and V. I. Zykova, (Eds.) Roads to Improved 
/ ^ Projjres's in Mathematics , Moscow, Publishing House of the 
/ / .' Academy of Pedagogical Sciences of the RS^SR, 1^55. 

^4.2/' Mqro, M. I. Visual Aids In Arithmetic for First Grade, Publl^hi^S. 

House of the Academy of ' Pedagogical Sciences of the RSPSR, 
1§62. ' - . , • 



A3. Moro, M/ I. "On Solving Indirect Problems,'' Elementary School , 
' 1958, No. 1. * ^ / — . 

44. >fcro, M. I. "Peculiarities of the First Period of Arithmetic 

Instruction in First Grade," Proceedings [ Izvestlya ] of the 
Academy of Pedagogical Sciences of the RSFSR, 1959, No. -107. 

45 Moskalenko, K. A. "How to Construct the Lesson," Public Education , 

1959, Tso. irr . 



0 



46. Neshkov, K. I. Mathematics School Mater ials> for Grade 4, 

Chapter I,' Moscow, Publishing House of the Academy of Peda- 
gogical Sciences of the RSFSR, 1963 (manuscript) . 

47. Pch^lko, A. s/ "Actual Questigns in Teaching Arithmetic," 
^ Elementary School , 1963, No% 3* / 

48. Pchelko, A, S. Methods of Teaching Arithmetic in Elenientary School , 

5th ed., Moscow, UchpedglE, 1953. 

0 

49. Pchelko, A. S. Written Calculations in Third Grade of Elementary 

SchooL , Moscow-Leningrad, Publishing House of the Academy , 
of Pedagogical Sciences of the RSFSR, 1948. 

50. Pchelko, A. S, and Polyak, G. B. Arithmetic . A Textbook for 

Grade 4, Ilth ed., Moscow, '^Education" Publishing House, 
1964. 

51. Pokrovskaya, M. N. "How I Teach Pupils to Work Independently," 

Transactions of the First All-Russian Scientific-Educational 
Conference of Teachers, 1940. 

52. Polya, G. - How to Solve a Problem , Moscow, Uchp^dglz, 1959. 

[Russian translation of How to Solve It . ] 

53. Polyak, G. B. Instruction in Prpblem Solving in Elementary 

School, Moscow, Uchpedglz, 1950. 



ERIC 



198 



20.9 



54. Polyak; G. it* Oral Calciilatlon in Elementary School, Moscow- 
Leningrad, Publishing House of the Acadeiny of Pedagogical 
Sciences of the HSFSR, 19A6.. 



55; Polyak>-G, B. Counting and Problem Slllving in Firsts Grade , 

Moscow--LenSigra4^^^ House of the Academy of Pedagogical 

Sc.iences of the RSRr, 1948: 



5j5. Popov^^ ». S. Methods of Teaching Arithtnetic in El^Inentary 

School , Leningrad, ^Uchpedgiz, 1955, * ^ 

/• 

•57. Popova, N. S. Experiment In Fir^t-Grade Arithmetic^ MoscTowi, ^ 
Uchpedglz, 1960. 

# ■ ■■ ■ V 4 a" * 

58. Pyshkalo, A. M. "The Study\i)f Geometry In Elementary Sch6dl," • 

mefflcntary School . 1963, No. 10. A 

59. Rep'ev, V. V. General Methods of Teaching Mathematics , 19^58, 

60. Shevarev, P. A. Generalized Associations in a Pupil ' s Schoolwork , 

Moscow, Publishing House of the Academy of Pedagogical 

* Sciences of the RSFSR, 1959. ' , 

61. Shot, Ya. A. On Solving Arithmetic Problems , Moscow, Publishing 

House of the Acadefey of Pedagogical Sciences of the RSFSR, 
1951. J , / . 

62. Skatkin, L. N. "Analysis and Synthesis in Solving Arithmetic 

Probleigs," Elementary School , 1947, No. 1. 

63. Skatkin, L. N, Instruction in Solving Simple Problems , 2nd ed., 

Moscow, 1954. 

64. Skripchenko, A. V. ''Forming Generalized Methods 'of Solving * 

Arithmetic Problems in Primary Schoolchildren," Questions 
in Psychology , 1963, No.' 4, 

.65.. Solov^ev, A, S» ''Composition of Problems by Elementary School 

Pupils." In A. S, Pchelko, (Ed.) Solving Arithmetic Problems 
Flementary School , Moscow, Uchpedgiz, 1949.' 

^ 6^. Topor, M. M. Visual Aids in Problem Solving in Elementary trades , 
» Moscow, Uchpedgiz, 1955. ^ 

67. Topor, M. M, Practical Work in Arithmetic in Grades 3 and 4, 

Moscow, Uchpedgiz, 1957, 

f 

68. Ushinskii, K.' D. Collected Works , Vol. VIII, Moscow-Leningrad, 

Publishing House of the Academy of Pedagogical Sciences of 
the RSFSR, 1950. , t • ' 

69. Volokitina, M. N. Essays in the Psychology of Primary School- 

c hildren , Moscow, Publishing House of the Acadeiny of Pedagogical 
Sciences of the RSJSR, 1955. 



199 2 / 0 



ERIC 



70. Voifonin^-'S. V. SolVlng Arithmetic Problems , 1959. 

71. Yakimanskaya, I. S; "The Development of Spatial Concepts and 

Their Role inthfe Mastery of Elementary Geometric Knowledge," 
^Chapter VI in. A. N. Bogoyavlenskii and N. A, Menchinskaya 
(EdsQ , Ways to Increase the Quality of the Masfejery of Knowledge 
In the Elementary Girades , Moscow, Puljlishing House of the 
Academy of Pedagogical Sciences of tl\e RSFSR, 19^2. {In-., 
eluded in Volume V of 'this series 

72. 'Zankpv^L. vV Visual Aids and . Activation in Instrucfclon , Moscow, ; - 

Udhpedg^z, I960.- ^ ' ^ ' 

73. Z^nkov, L. V. (Ed.) Elementary Instruction , Grade j.,. Moscow, 

Publishing House of the. Academy of Pedagogical Sciences of 
^ the RSFSR,vl96^3\ \ ' . . / 

• ' ' ' " ^ • ' ' '-^ . , «^ 

74. Zankov, L. V. (Ed.) Pupils* Deveiopment in tfhe Process of In- 

atyucfcion : Grades 1-2 , Moscow, -Publif^hing House of the 
0 Academy, of Pedagogical Sciences of the ASFSR, 1963. ^ 

75. Zankov, L. V. (Ed.) Combining the Teacher ^s Words and ^he Means 

of Visual Presentation in Instruction , Moscow, Publishing 
House of the Academy of Pedagogical Sciences of the. RSFSR» 
1958. . A 

76. Zinchenkp, P. I*. Involuntary Memorization . Moscow, Etxblishing 

House of the Academy of JRfedagoglcal Sciences of the RSFSR, 
1961.' , ' .'^ 



200 



ERIC ^ ^ . 2ii 



"•APPENDIX * .. 

The passage on page 184 quoted froifl Vploklna's Essa^rs in the '\ N 
Psychology of Primary' Schoolchildren [69] is likely to be unclear tp 
the reader who does not l^ave access to the original. According to 
Volok:^na, the ^low third grader in question had. trouble with' a particu- N 
^r- homework problem although he iuslially perfdtmed calculations with ease. J . 
His native ^ngiie the Tatar' language btji he sfioke and read Russian ' 
q.uite well* Occas;lon4lly he did confuse gajider inf lection^ (which^ exist 
in Russian but not^in Tatar')/ • ' 

t Although neither Menchinskaya and Moro nor Volokina gives the text 
of the problem as it appeared in the textbook, It^must have looked as 
follows* <with the original word order in Russian preserved sq as to 
, clarify the pupil's errors in reading): „ ^ . . 

A sovkhoz delivered to t^e state 3,020 tons .of wheat; of rye-- 
965 toils less tl;ian of wheat; of oats — 
five times less than of wheat and rye 
^'together. How many tons of grain in all did the sovkhoz deliver to the state 

Vo^lokina observes that when presented with the prpblem, the pupil sat ' 
, motionless, silently reading it over with an indifferent expression on his 
face, apparently understanding nothing. When asked by the psychologist wViat 
the problem was about, he answered, *'About tons.*' Then he was asked, "What 
. kind of tons are they generally talking about in the problem aiui what must 
you find out?** ^He looked a^ide and said ^nothing. To learn what was causing 
the ^boy di fficu lty, the psychol6gist asked him to fead the problem aloud* 
The boy ^^ve the following reading: 

A sovkhoz delivered to the state 3,0^0 tons of wheat and of rye. 
965 tons less than of wheat , sofx oats . 
Five times less than of wheat and of rye. 

Together. How many tons of grain in all did the sovkhoz deliver to the state 
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If ter instruction by* the psychologist^^ <as indicated on page l84) , 
the boy finally^rote the prol^lem in his exercise book. Volokina quotes 
^hat he wr43te: ^ - ^ ^ ' 

A s'ovkhoz delivered^ to the states 
^ 3,020 tons^f wheat, 4 
^ of rye, 965 tons less than or wheat, - 
of oats, five times less than that of wheat and rye together. 
How many tons Qf *rain in all did the s«vkhl>z deliver to the sitate?, 

^Since .the boy, was not a native Russian^ he had sonie difficulty % 
understanding tha technical .style in which, problems are typically stated* 
Further, his lack: of undefs landing of individual wprds^-an^ e3q)ressions 
appeared to make it difficuJLt for him to ^rasp the sens^ of a f)robleiil^ 
already partitioned into Its component?. Hia^'incorrect reading of the . 
problem resulted in arbitrary pauses tliaf further obscured its. meaning. 
He had developed an attitude of despair toward .problem>olving, figuring 
before he began that whatever \\e did woulcf be u^teless. According t 
Volokina, however, onc'fe he was able to make the semantic connection 
between Vords, his mora^ rose and his performance improved. (Ed.) 
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